l ﬁ’LY TU TRO NG

Chwong I. MENH PE - TAP HQP
Muc tiéu i
Sau khi nghién ctru chuong nay, hoc sinh c6 thé:
- Biét dugc cac khai niém vé ménh de, tap hop, cac phép toan tap hop, cac tap hop so,
sd gan ding, sai sd.

- Giai duogc cac bai tdp vé ménh de, tap hop, SO gan dling, sai so.

- X4c dinh dugc cc phép toan tip hop, viét duoc cac tap hop dudi cac khoang, doan,
ntra khoang, biét cach 1am tron sé gan ding.

- Say mé va yéu thich tim hiéu cac bai toan vé ménh dé, tap hop.

§1. MENH PE (1ILT +1BT)

1. Khai niém ménh deé

MObi ménh dé 1a mot cdu khang dinh hodc dung, hoic sai.
Mot ménh dé khong thé vira ding, vira sai.
Vidu1:“Sém 16n hon 4~ (1 mot ménh dé sai)

2. Céc loai ménh dé

Cho 2 ménh dé P va Q.

= Ménh dé phu dinh cta P: ki hiéu P (khong P)

Néu P dang thi P sai va nguoc lai

=  Ménh dé kéo theo: ki hiéu P = Q (néu P thi Q)

Ménh d& P = Q chi sai khi P dung va Q sai

=  Ménh dé dao:
Ménh dé Q = Pla ménh dé ddao ctaménh dé P = Q
= Ménh dé twong duwong: ki hiéu P & Q

Ménh dé P & Q dang khi P va Q cung dung hodc cing sai

3. Ménh dé chira bién

e Ménh dé chira bién 1a cdu khiang dinh ma tinh dang sai con tiy thudc vao mdi gia tri
cu thé cua bién.
e Khi gin thém ki hiéu: V (v6i moi); 3 (ton tai) thi dwoc mot ménh de.
Vi du 2: Xét P(x) = “x -5 < 6” 1a ménh dé chta bién. Khi chon x =1 ¢6
P(1)=*1-5<6 (ding), x=15coP(15)=“15-5<6" (sai).
-1-
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Khi gén thém ki hiéu: 3, “Ix € R, x -5<6” la ménh dé ding
V,"Vx € R,x — 5 < 6"la ménh d¢ sai.

& Chay:
“Y: | < Phi dinh cta "Vx € X, P(x)" la : "3x € X, P(x)"

& Phu dinh cua "3Ix € X, P(x)" la: "Vx € X, P(x)"

4. Cac vidu
Vi du 1: Trong cac cu sau, cau nao 1a ménh dé:
a) “Phuong trinh: x% 4+ 4x + 5 = 0 c6 nghiém” ;

b) “x > x” :
¢) “Hinh chir nhat 1a hinh binh hanh c6 2 dudng chéo bang nhau”.

Giai
a) Ménh d¢é sai: vi A' = —1 < 0 nén phuong trinh khong c6 nghiém ;
b) Khong 1a ménh dé&: vi voix =2 ¢6 4> 2 (dung) ; véix =1 c6 1 > 1 (sai)
= Khang dinh vira diing, vira sai.
¢) Ménh dé dung (theo diu hiéu nhan biét hinh chit nhat).
Vidu 2: Lap ménh dé phu dinh cta cdc ménh dé:
a) A = “2008 chia hét cho 97;

b) B=“Vx € R, x%>x;
c)C=“an €N, n?=3n-2".
Giai
a) A = “2008 khong chia hét cho 9”;
b) B="3x €R, x%<x"
¢)C ="vneN,n?#3n-2"
Vidu 3: Choménh & P=“4 ABC = A A'B'C” va ménh dé Q = “AABC ~ AA'B'C".
Lap ménh dé “P=Q”, “Q=P” va cho biét mbi ménh dé vira l4p dung hay sai?
Giai
e (P=Q): “Néu 4ABC = A A'B'C'thi AABC ~ AA'B'C" day la ménh d& dung;
e (Q=P): “Néu AABC ~ AA'B'C' thi AABC = AA'B'C™ day la ménh d&é sai.

BAI TAP
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Bai 1. Khang dinh nao 1a ménh d&? Néu l1a ménh dé, cho biét dung hay sai:

a)3+2=7, b) m < 3,15;
¢)[-5]=5; d) 4 +x>3;
e) Nam 2008 1a nam nhuan; f/ L6p ching ta rat chim hoc Toan.
Bai 2. Trong cac cau sau cau nao la ménh dé, ciu nao 1a ménh dé chua bién:
ax+y=>1; b)2—+/5<0;
c)x?+1=0; ¢) V2 1a s6 hiru ti.
Bai 3. Xét tinh ding sai cua ménh dé phu dinh cdc ménh dé sau :
aA)A="Vx ER, x +3 < 2" b)B="vn €N, n? =4n - 3";
c)C="3x € Q, x? =3" d)D="3x € Z, xS%";

Bai 4. Dung cac ki hiéu v, 3 dé viét cac ménh dé:
a) Binh phuong cua mdi sé nguyén déu 16n hon chinh né ;
b) Moi s6 nguyén t6 déu 1a s 1¢ ;
¢) C6 sb hiru ti ma binh phuong ctia nd bang 5 ;
d) C6 s thue ma s6 d6i bang véi sé nghich dao cua né.
Bai 5. Cho ménh dé P = “AABC can tai A” va Q = “4ABC ¢6 B = C”.
Hay lap cac ménh dé P = Q,Q = PvaP & Q.
Bai 6. Cho ménh dé chira bién P(x): “ x = x*” véi x 13 s6 nguyén. Xac dinh tinh dtng sai cta
cic ménh dé sau :

a) P(1) b) P(Z)

¢)dx €Z, P(x) d)vVx € R, P(x)

& Goiy: a) P(1): “1 =1%; b) Tuong tu a;
c)Ix € Z, x =x% d) Tuong tu c.
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§ 2. TAP HOP (ILT + BT)

1. Cac khai niém

Tap hop 1a mot khai niém co ban cua toan hoc, khong dinh nghia.

Gia str di cho tap hop A. Dé chi a 1a mot phan tir cuia tip hop A, ta viét: a€A (doc la a
thudc A). Pé chi a khong phai 1a mot phan tir cta tap hop A, ta viét: a & A (doc 14 a khong
thudc A).

Tap hop thuong duoc biéu dién dudi dang: néu tinh chat hay liét ké phan ti.

= Tap hop con: Tap hop A duoc goi 1a tip hop con cua tdp B néu moi phan tir cta tip
A déu 1a phan tir cta tip hop B.

AcB © (Vx, xeA = x€B)

= Tép hop bing nhau:

A=B © AcBvaBcA

= Tap rong
T4p hop rong, ki hiéu: @ 1a tap hop khong chira phan tir no.
Vi du 1: Liét ké cac phan tir cta tip A= {x € R|x?+ 1 = 0}
Phuong trinh: x% + 1 = 0 v6 nghiém nén tp nghiém ctia phuong trinh 1a:
S=¢
2. Cacvidu

Vi du 2: Hay li¢t ké phan tir cta tap hop A = {x € Z|(2x — 1)(x? — 3x — 4) = 0}
Giai
Ta c6 phuong trinh:
i 2 . — 2x—1=0 X =—

(2x — 1)(x2 — 3x — 4) O(E)[xz_gx_420® >
Vi x €Z nén A={—1;4}.
Vi du 3: Tim tat ca céc tp con cua tdp A = {a; b; ¢}

Giai
Céc tap con cua A la:

®;{a}; {b}; {c}; {a; b};{a;c}; {b;c}; A



BAI TAP

Bai 1. Viét cac tap hop sau dudi dang liét ké phan tir:
A={x €N| (x* —4)(x> —5x+4) =0}
B ={x € Q| (2x — V3)(3x? — 2x) = 0}
C={x € Z|3x3 + 2x?> — 5x = 0}
D={x e R|2x — 1)(x* +x + 1) = 0}
E={xeN|2x -1 <7}
F={xeZ| |x| <3}
Bai 2. Cho céac tap hop:
A={x € R|x? —2x + 5 = 0} B={x eN|3—x>0}
C={x e Q|x*—-2=0} D={x€Z|0<x<3}
a) Tap nao 13 tap rong?
b) Tim quan hé tip con, bing nhau giita cac tip hop trén.
Bai 3. Tim tit ca cac tdp hop con ctia mdi tap hop sau:
a)A={-1;0;1} B={T;0;A;N} C={x € R|x* —5x2 + 4 = 0}
Bai 4. Xéc dinh quan hé tap con giira cac tap hop sau:
A ={x| x la hinh thang cin} B = {x | x 14 hinh binh hanh}

C={x| x lahinh chit nhét } D = {x| x la hinhthoi};
E={x| x la hinh vuéng}
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§3. CAC PHEP TOAN TAP HQP (1LT + 1BT)

1. Phép hop ‘ ‘ ‘
Tap hop C gobm céac phan tir thudc A hodc B duogc goi 1a hop cua A va B (phan gach chéo

trong hinh).

AUB = {x| x € A hay x € B} |

2. Phép giao
Tap hop C gom céac phan tir vira thuoc A, vira thuoc B duge goi 1a giao cua A va B (phan

gach chéo trong hinh).

ANB={x|x€Avaxe€B}

3. Phép hiéu ‘ ‘
Tap hop C gom cac phan tir thuoc A nhung khong thudoc B goi 1a hiéu cua A va B (phan
gach chéo trong hinh).

A\B = {x|x € A va x ¢ B}

4. Phan bu ‘ ‘
Khi B c A thi A\ B goi la phan bu cua B trong A, ki hi€u: C,B (phan gach chéo trong hinh).
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5. Cac vi du
Vidu 1: Cho tdp hop A ={—1;3; —-5;7; —9;11; —13; 15} va B={0;3;6;9;12;15;17}.
Xacdinh:AnB, AUB, A\B, B\A.
Giai
ANB = (3;15});
AUB ={-1;3;-5;7;-9;11; —13;15;0; 6;9; 12; 17};
A\B ={-1;-5;7;-9;11;—-13}; B\A ={0;6;9;12;17}.

BAI TAP

Bail. Cho D={0;1;2;3;4;5}; E={0;2;4;6}; F={0;3;6;9;12}
a) Xacdinh DNE;EUF;FnND;
b) Xéacdinh E\F; D\E; F\D;
¢) Xacdinh (DUF)\E; (ENnF)uD; (E\D)NF.
Bai 2. a) Xac dinh cac tap hop CrA va CyB véi
A={x €R|x?—4x—-5=0}; B={x €R|4—5x >0}
b) Xé4c dinh cac tap hop: E ={x € R| 2x? — 5x + 2 # 0};
F={x eR|x <4 vax?—4x+3 #0}.
Bai 3. Trong s6 45 hoc sinh cta 16p 10A ¢6 15 ban dugc Xép loai hoc sinh gioi, 20 ban
duoc Xép loai hanh kiém tét, trong d6 ¢6 10 ban vira hoc luc gidi, vira ¢c6 hanh kiém tdt. Hoi:
a) L6p 10A c6 bao nhiéu ban duoc khen thudng, biét raing mudn dugc khen thuong ban
d6 phai c¢6 hoc luc giéi hodc co hanh kiém t6t ?
b) Lop 10A c6 bao nhiéu ban chua dugc Xép loai hoc luc gioi va chua ¢6 hanh kiém t5t?
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§4. CAC TAP HQP SO (ILT + 1BT)

1. Cac tap hop sé da hoc

1.1. T4p céc s6 tw nhién N
N =1{0,1,2,3...};
N*={1,2,3...}.
1.2. Tap cac so0 nguyén Z
z=A{.,-3,-2,-1,0,1,2,3,...}.
Céacso -1, -2, -3, ... 1a cac s6 nguyén am.
Vay Z gom cac so ty nhién va cac sO nguyén am.
1.3. Tap cac so hiru ti Q
Q= {§|a,bez,b¢ 0}
S6 hitu ti con biéu dién duge dudi dang s thap phan hiru han hodc vo han tuin hoan.
Vidu 1: 3 =1,25
S thap phan v6 han khong tuan hoan goi 14 sé vé 4.
Vidu 2: V2, V3,..
1.4. Tap hop cac so thuec R
GOm cac s6 thap phan hiru han, vo han tuan hoan va vé han khong tuan hoan.
@ Chua y:
N *cNcZcQcR

2. Cac tap hop con thuwong dung cua [J

. Do (bl = rerlasx<p P ekl

e Khoing: (a; +©) = {x € R|x > a} // —/—/7/—/— ¢ ->

a +00
e Khoing: (—o;b) = {x € R| x < b} \|
e Nura khoang: °
[a;b) ={x €Rla<x<b} ,,,7,7/[ \/ /74
(;b]={xe€Rla<x<b} /7777 [ )b////
[a;+0) ={x ER|x = a} a ]
[/ /) /A
(—o0; b] = {x € R| x < b} 77777
Vi du 3: Phan biét cac ki hiéu: {1;2}; (1;2); [1;2]. b

{1; 2}1a tap hop r0i chi chira hai phan tir 14 1 va 2.
(1; 2) 1a mot khoang chira vo s6 phan tir 1a nhitng s6 16n hon 1 va bé hon 2.
[1; 2] 12 mot doan chira vo s6 phan tir gdm 1 ;2 va tat ca nhimng s6 16n hon hodc bang 1 va
bé hon hoic bang 2.
Vay: [1; 2\(1; 2) = {1, 2}
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3. Bai tap ap dung

Bai 1: Viét tip hop A duéi dang khoang, doan: A = {x € R| 4 — 3x > 10}
Giai
Taco:4—-—3x=>210 -3x =26 x < —2.
Vi x € Rnén B = —ow0; —2.
Bai 2: Cho A =—1;3) va B=(—o; 1).
X4acdinh: AnB, AuB, A\B, B\A, (B
Giai

A A
5 - A

—©
ANB=-1;1); AUB = (—x;3); A\B =1;3)
B\A = (—o0; —1); CgxB = 1;4mo).

BAI TAP

Bai 1. Dién vao chd con trong (...) trong bang duéi day:
2<x<5 X € 2;5)
—3<x<2 |x€E..........

............... x €[-1;7]
............... X € —o0; 3
x>0 XE.oovrnnn.

Bai 2.Viét cac tap hop sau dudi dang khoang, doan:
a)A={x € R|x < 3} b)B={x€eR|1<x <3}
c)C={x€eR|2x—1> 0} d)D={x € R||x] < 1}
e) E={x € R| 5 — 4x < 0} HF={x € R|x?< 4}
Bai 3. Xacdinh An B; AU B; A\B; B\A voi:
a)A=(-5;3)va B=(-7;0) b) A =[1;5] va B= (4,5;4+»)

OA={xeR|—-1<x<5}va B={x €eR|x>2}
DA={xeR|2x—1<0}vaB={xeR| —2<x<3}
Bai4.Cho A =[x;x +1]; B=[2;5]

a) Timx d¢ A c B; b) Tim x dé B ¢ 4; ¢c)TimxdéANB=0
. . x=>2 2=>x
@= . . .
Goiy:a)ACB & {x+155’ b)BcA o {SSx+1’
_ x+1<2
)ANB=0 o [x>5 .
Bai 5. Cho A = —o0; x va B =(2; +0)
a) Timxde ANnB = Q; b) Timxd¢ AUB = R.

-0 -
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§5. SO GAN PUNG. SAI SO (1LT)

1. S6 gén diing

Két qua cua do ludong 1a mot s6 gan dung. Trong do dac, tinh toan ta thuong chi nhan dugc
cac sO gan dung.
2. Sai s0

2.1. Sai s6 tuyét doi

a la sO gan dang cua so dung a.

Néud, <d.Khido,a € [a—d;a+d]. Thuongviét: a =a +d
Ta noi: scA),a co do cl}inh xaclad
2.2. Sai so twong doi

3. S6 qui tron
% Nguyén tac lam tron so:
e Qui tron dén hang nao thi tit ca cac chir sd bén phai hang d6 thay bang chit s 0;
e Néu chit s6 k& bén phai hang qui tron 16n hon hay bang 5 thi phai ting thém mét don
vi vao hang qui tron.
&Chu y: D6 chinh x4c cua sb qui tron bang ntra don vi cia hang qui tron.

4. Cac vi du

Vi du 1: a) Lam tron s a = 2389,4615 dén hang chuc, hang phan trim;
b) Viét sé qui tron cua sb b= 13,1463 biét b = 3,1463 + 0,001.
Giai
a) Lam tron dén hang chuc:
Chir s6 lién ké bén phai hang chuc 13 9 (ma 9 > 5) nén cong thém 1 don vi
vao hang chuc. Vay: a = 2390.
Lam tron dén hang phan trim: Chit s6 lién k& bén phai hang phan trim [ 1 (ma 1 < 5).

Vay: a ~ 2389,46.
b/ S b c6 d6 chinh xac 14 0,001 nén ta lam tron s6 b dén hang phéan trim

Vay: b = 3,15
Vi du 2: Xac dinh chir s6 chic cua cac s sau:
A =247865 (£ 0,00312) B =987123456 (£ 650)
Giai
e (C060,00312 <0,005 = do chinh xac nho hon ntra don vi hang phén tram
Ma chit s6 hang phan tram 13 7

-10 -
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Vay cac chit s6 chic ciia sd A1a 2 ;4 ;7 (g0m 7 va céc chir s6 bén trai nod)
e (06650 <5000 = dd chinh xac nho hon nira don vi hang chuc nghin
Ma chit s6 hang chuc nghin 1 2
Vay céc chir s6 chic cias6 B19,8,7,1,2
Vi du 3: Mot hinh chit nhat c6 cac canh: x =4,2m + lcm; y =7m +2cm.
Chtrng minh rang chu vi P cta hinh chit nhat1a P=224m + 6cm.

Giai
Taco:P=2(x+y)=2(4,2+7)=22,4m
Lai co6: 2(1 +2) = 6cm
Vay P=22,4m £ 6¢cm

BAI TAP
Bai 1. Lam tron cac s sau day: a=9145,76238; b=27394,10075.
a) Bén hang don vi; b) Dén hang phan nghin.
Bai 2. Hay viét cac s6 gan dung cia v2; /5 véi:
a) 4 chir s thap phan; b) 2 chir sb thap phan.
Bai 3. Hay viét s6 qui tron cua cac sb gan dung x, y biét:
a)x = 1356,5 (+ 0,1); b)y = 1357,25 (+ 0,01).

Bai 4: a) Dan s ctia mot tinh 1a M = 2731425 (ngudi)+ 200 (ngudi). Hoi trong sé M chir

sO nao la chac?

b) Chiéu dai mot cai ciu do duge 1a N = 1745,25m + lem. Xac dinh chit s6 chic

cua N?
¢) Viét cac s6 gan ding: 2731425; 1745,25 dud6i dang chuén
Bai 5: Cho biét do chinh xac cua cic sb gan dung trong cc cach ghi sau:

a) Gia tri V5 ~ 2,236;
b) Dan s6 Viét Nam ndm 2005 vao khoang 83.10° nguoi?

TONG KET CHUONG I (1BT)
1. Ménh dé
Véi hai ménh dé P va Q:
> P: phu dinh cta P
> P = Q: ménh dé kéo theo
> Q = P: ménh dé dao ctlaménh && P = Q
> P < Q: ménh dé twong duong
2. Tap hop
* Tap con A € B & Moi phan tir ciia A déu thudc B
e (Céc phép tinh:

ANB ={x|x€Avaxe€B}

3. S6 gin ding

a=atd AUB ={x|x € A hay x € B}

I T
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a: S6 dung; a: S6 gan dung; d: PO chinh xac cia s6 gan dung
a. Saisd tuyét dbi: 4, |a al; 4,<d
b

. Sai s6 twong ddi: &, _ﬁ

c. Chit sb trong a dugc goi 14 chit sé chic néu d khong vuot qua nira don vi cta
hang chtra chir so.

BAI TAP
Bai 1. Cho cac ménh dé:
A="3x€Q; x?< —2x+ 3" B="vVx € N x>i"
C="3x€Z n>+1 : 3" D="Vx€R; x?—3x+5=%0"

a) Hiy xét tinh dtng sai ctia mdi ménh d¢;
b) Lap ménh dé phu dinh cua né.
Bai 2. Cho 2 ménh dé: P = “Tu gidc ABCD la hinh thoi” va Q = “T& gidc ABCD c6 hai
duong chéo vudng goc va cit nhau tai trung diém mdi duong”.
a) Lap ménh dé kéo theo “P=Q”. Ching t6 ménh dé nay la mgt dinh li;
b) Phat biéu dinh 1i d6 theo cach dung thuét ngit “diéu kién can”, “diéu kién du”;
c) Phat biéu dinh 1i dao cua dinh i trén.
Bai 3. Dung phuong phap phan chimg chimg minh cac dinh Ii sau:
a)Néua+b <2 thi trong hai s6 a va b phai co it nhat mot s6 b hon 1;
b) Chonla s6 tu nhién, néu 5n + 4 1a s6 16 thi n 1a sd 1¢.
Bai 4. Xac dinhcactaphop AN B, AUB, A\B, B\A
aA)A={x€Z| (x* —3x)(2x* —3x+1) =0} vaB ={x € N|x : 3 va x<10};
b) A={x eN|9—-2x>0}va B={x€Q|(x—V3)(x—3)(2x—1) = 0};
c)A=-3;2)va B={x€eR|x>—-1};
d) A={xeR||x| <1} va B={x€eR|0<x<3}.
Bai 5. Xac dinh phan bu ctia cac tap hop sau trong tap R:
a) A={x ER|4—x?=0}; b) B ={x € R| 2x — 3 < 0};
c*) C = {x € R| |x| > 3}; d*)D = {x € R| 2x?> —3x — 5 # 0}
Bai 6. Viét s6 gan ding ctia V5; /2 + v/7 6 hai, bén chit s6 thap phan.
Bai 7. a) Chiéu dai cia mot cdy caula a=1645,36m+1cm .
Hay viét s6 qui tron ctia s6 gan ding 1645,36.
b) Gia tri gan dung cta 13 a = 3,141592653589 véi do chinh xac 1a 10710 . Hay viét
sd qui tron cua a.
Bai 8. Mot bé ¢4 c¢6 dang hinh hop chit nhat c6 chiéu rong a = 60,5+0,1cm;
Chiéu dai b = 142,3+0,2cm va chiéu cao h = 81,5+0,3cm.
Hay tinh dién tich day va thé tich cua bé do.

-12 -
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Chuwong II. HAM SO BAC NHAT VA BAC HAI

Muc tiéu
Sau khi nghién ctru chwong nay, hoc sinh co thé:
- Bidt duoc cac khai niém vé ham sb bac nhat ham sb bac hai.

- Giai duogc cac bai tap vé ham s6 bac nhat, ham so6 bac hai.

- Xac dinh duoc tap xac dinh cua ham s6, xac dinh giao diém ctia cac ham so trén cung
hé truc toa do.
- Biét khdo sat sy bién thién va v€ do thi ciia ham s6 bac hai va cac bai lién quan.

- Say mé va yéu thich tim hiéu cac bai toan vé€ ham s6 bac nhat, bac hai.

§1. HAM SO (1LT + 1BT)
1. Dinh nghia
Cho tap s6 D# @ va D R Ham s6 f xac dinh trén D 12 mot quy tic dat twong tmg mdi s6
x € D, vd1 mot va chi mot so f (x).
e Tap D goi la tdp xdc dinh ; S6 x goi 1a bién s6
o SO6f(x) goila gid tri cia ham f tqi x.

x+1

Vi du 1: Xét ham s6 f(x) = =—

Tai x = 2 thi gia tri ham s6 1 f(2) = ﬂ =3

Ham s6 xac dinh khi x — 1 # 0 © x # 1. Vay tap xac dinh D =R\ {1}.

Tap xac dinh cia ham sd: gom tat ca cac sb thuc x sao cho f(x) xéac dinh (c6 nghia).

= Chay: /P(x) ;n € N* x4c dinh © P(x)>0 ; E ) xéc dinhe&B(x) F 0

2. Db thi

Trong mit phang (Oxy), tip hop cac diém (x,; f(x,)) v6i xo € D, goi 1a d6 thi ctia ham

y=fx).
3. Tinh bién thién

Cho tap K € D.
e Ham sé f goi 1a dong bién (ting) trén K néu: Vx,, x, € K, x; < x, = f(x1) < f(x,)

-13 -
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e Ham s6 f goi 12 nghich bién (giam) trén K néu: Vx;,x, € K, x; < x, = f(x;) >

f(x2)
% Dinhly

Vxy,x, € K, x1 # %y, L&) /0 o ) o Ham sb £ ting trén K
A2— A1

Vxq,%X5 € K, X1 # X5, % < 0 © Ham sb f giam trén K
2741

Vi du 2. Xét ham sd f(x) = 2x -1 ¢6 tap xac dinh D = R nén Vx; # x, € R thi :

fe)~fC) (@xpm)=@rr=1) _ 26574 _ 5 5 () vay fang trén R

X2—X1 X2—X1

X2—X1

4. Bang bién thién ham s6
Dién ta ham sb nghich bién, hay dong bién trén cac khoang ta dung chiéu miii tén di lén

hoic di xuéng. Két qua d6 duoc tong két trong mot bang goi 1a bang bién thién.

y=x>-4x+3 +@\ +00
4. Tinh chin, 1é

Ham sé y = f(x) ¢6 tap xac dinh D.
e VxeD cd: —xeDvaf(-x)=1f(x) =f 1a ham s chin

e VxeD cé: —xeDvaf(x)=-f(x)e f lahamsd 1é
Db thi caa ham sb chin dbi xtmg qua truc Oy, d6 thi ctia ham sd 1¢ d6i xing qua tdm O 13

géc toa do.
Vi du 3: Xét ham s y = f(x) = - 2x2. Tap xac dinh D=R nén Vx € D thi —x € Dva

f(-x) = —2(—x)? = —2x%=f(x). Vay ham sb chin va d6 thi cta n6 dbi xtimg qua truc Oy.

5. Bai tap ap dung

\ e \ A r . 5 \ A Vva—-X
Bai 1: Tim tip xac dinh ciia ham s6: y = v
o
Giai

o~

. - x <
Ham s6 y x&c dinhe {LZLx _3652th 0 s {x "

NN

Tap xac dinh D =(—o0; 4]\ {g}



Bai 2: Cho ham s6 f(x) = —.

_-=P1:r'1rLl'rF2<;itiS§

Xét tinh dong bién hay nghich bién ctia ham sé trén khoang (3; +o0)

Giai

Tap xac dinh D = R \{3}. Khoang (3; +) € D,V xi, x2 € (3; +0) va X1 # X2 ta co

1 xq1—3—x+3 X1—X>o

1
f(x2) ~f(x1) = =
_ fG)=fGx) _ 1

T G-)x1-3) xp-x1  (3-3)(x1-3)

-1

X1—Xp 1

X2—X1

Vixy,x, € (3;40) 2x1>3vxe>3>

Vay ham sb f nghich bién trén khoang (3; +©)
x*-3x2+1

Bai 3: Xét tinh chén, 1é cia ham s6 y = f(x) =

X
Giai
Tép xac dinh: D = R \{0}.

(—x0)*-3(—x)2+1 _ x*-3x2+1

VxeD = -x€eD, f(—x)=

—-X —-X

Vay ham s6 da cho 1a ham s6 1¢.

BAI TAP
Bai 1. Tim tap x4c dinh cac ham $6:
1 1
a)y=_x—3; by =:x%
x+3 2x+3
dy= x2-3x+2’ ©)y = x2—x+1’ Dy
Bai 2. Tim tap xac dinh cac ham $6:
a)y =V3x —5; b)y = 2:5;
)y =vs—x+V5+x ey="";

Bai3.Chohamsdy = f(x) = —2x + 6
, 3
a) Tinh f(0); f(D); fla+1);
b) Tim x dé f(x) =0; f(x) =3.
Bai 4. Choham sé y = f(x) = x? — 3x + 2
a) Tinh f(2); f(a-5);
-15 -

x1-3  (xp=-3)(x1-3)  (x1-3)(x2-3)

- <
(x2—-3)(x1-3)

= —f(x).
yy =242,
€)Yy T x-1  x+3’
_ xX+5 x+3 .
T 9—x2 | x2-ax’
x—1
©)y = 5—4x’
x%-2

Dy= (x+2)Vx+1
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b) Timxdé f(x) =0; f(x)=-2; f(x)=12.
Bai 5. Chirng minh rang cac ham s sau ddy dong bién trén khoang d3 chi ra:
a)y = f(x) = x? — 2x trén khoang (2; +©); b)y = —ﬁ trén khoang (2; +o).

c)y = x3 trén (—o0; +0); d) y = v/x trén khoang (0; +0).

Bai 6. Ching minh rang cac ham s6 sau nghich bién trén khoang da chi ra:
a)y = f(x) = x? — 4x + 3 trén khoang (—oo; 2);

b)y = i trén khoang (—5; +o0).
¢)y = V4 — x trén khoang (—oo; 4);

d)y= g trén khoang (—o0; —2).

Bai 7. Ching minh cic ham s sau dy 1a chin:

a)y = f(x) =x% b)y = lx — 2| + |x + 2[;
)y =v2—x+V2+x; d)y:—ﬁ‘:;_ V43+x_
Bai 8. Chirng minh cac ham sb sau day 1a 1é:
a)y = f(x) =x° - 3x; b) y = 3x — 2| — [3x + 2.
V3+x—V/3=x
VY=g D y="m

-16 -
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2. HAM SO y = ax+b (1ILT + 1BT)
1. Dinh nghia
Ham s6 bac nhét 1a ham s6 co dang: y=ax+b (a #0).
2. Tinh chét
a) Tap xac dinh: D=R

b) Tinh bién thién
X —00 40 X —00 +o0
y=ax+b +o0 y=ax+b +o0
(a>0) —/ (a<0) T,
& Khi a >0 ham s6 dong bién trén R. @ Khi a < 0 ham s nghich bién trén R.

¢) Tinh chan, 1¢
> b=0 ham sé y = ax 12 ham s6 1¢.
> b # 0ham sb y = ax + b khong chin, khong 1é.

d) Db thi: 1a duong thang cit truc Oy tai (0;b) va cét Ox tai (%b ; 0)
DPuong thing y = ax + b ¢6 hé s6 goc 13 a.

@ Chu y: 1) Cho hai duong thing (d):y=ax+b va(d’):y=a’x+b’.

e I@)eoa=avab=+b
e d=d)=a=a'vab=h'

e (d)cit(d)oa#a’

2) Moi dudng thiang trong mit phiang (Oxy) déu c6 phuong trinh dang:
ax +by +c¢=0.
@ Pic biét: a) (d): y=m cung phuong véi Ox va di qua diém (0; m);
b) (d): x=n cung phuong véi Oy va di qua diém (n; 0).
3. Cacvidu
Vi du 1: Lap phuong trinh duong thang di qua M(2;1) va N(1;-1)
Giai
C6 xm =2 #xn = | nén dudng thaing MN khong song song v6i Oy
Goi phuong trinh dudng thang (MN): y = ax + b

-17 -
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{M(Z;l)e (MN) {1=2a+b o {a=2
N(1;-1) € (MN) —1=1a+b b=-3

Vay phuong trinh dudng thang (MN): y = 2x — 3.

, T A1 Y A v a2 (X+2vhix=>1
Vi du 2: Lap bang bién thién va v€ d6 thi ham s6 y = {_X +avdix <1
Giai

Tap xac dinh: D = [1; +0) U (—o0; 1) = (—o0; +0) = R

Bang bién thién: Khix=1=y=3

X —0 1 40

y +w\ / +o0

Do thi: Ve nhanh I: dd thi y = x + 2 véi x > 1 y

x=12>y=3; x=2>y=4 \
Nhanh I 13 tia ¢6 diém dau 1a (1; 3) va di qua 3
(2;4)

Vénhanh II: 40 thiy=-x+4 voix <1

x=1" = y=3* ;x=0 > y=4
Nhanh II 13 tia c¢6 diém dau (1; 3) va di qua
(0;4).

- 18 -
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BAI TAP
Bai 1. Tim gié tri ctia m sao cho d thi cia ham sé y = 2mx + m + 1
a) i qua diém A (1 ; 2);
b) Song song v&i dudng thang y = 4x;

c) Cit truc hoanh tai diém c6 hoanh d6 béng -3.
Bai 2. V¢ do6 thi cua cac ham so:

a)y =2x—3; b)y = V2;
-X+2  x22 x4+ 2 x=> —2
C)y_{ 3 x<2’ d)y_{S—Zx x< =2

Bai 3. Lap phuong trinh dudng thang (d) khi biét:
a) (d) qua diém A (-1 ;2) va c6 hé sé goc bang —§ ;
b) (d) qua 2 diém A (1; -3) va B (0; -5);

¢) (d) qua diém A (4; 3) va song song v6i dudng thang (d,):x + 2y — 4 = 0.
Bai 4. Cho dudng thing (d):y = 5 — 4x.

a) Tim giao diém cua (d) véi cac truc Ox, Oy;

b) Tim giao diém cta (d) voi (dy):y = 2x + 3;

¢) Tim giao diém cua (d) v6i (da): y =3;

d) Tim giao dlem cua (d) voi (d3): x=-1.
Bai 5. V& d6 thi cia mdi ham s sau va 1ap bang bién thién:

a)y = |2x + 1]; b)y = —-2|x + 1|; c.y =2|x| - 1.
Bai 6. Lap phuong trinh dudng thang (d) khi biét:

a) (d)diqua A2 ;- 1)vaB (2; 3);

b) (d) vudng goc (d’): y = 2x — 1 va cit truc tung tai diém c6 tung do 1a 8;

¢) (d) di qua gdc toa do va goc tao boi tia Ox voi phan duong thing (d) ndm trén truc
hoanh ¢6 s6 do 1a 30°.
#Geiy:b) (d)y=ax+b;(d):y=ax+b; (d)L(d)esaa =-1

c) Hé sb goc a = tana v6i arla sé do goc tao boi tia Ox va phan duong thang (d) nim

trén truc hoanh.
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§3. HAM SO BAC HAI (1BT + 1LT)
1. Dinh nghia
‘ ’Hém s6 bac hai 1a ham s c6 dang: y = ax? + bx + ¢ trong d6 a, b, ¢ 1a nhiing
hang so
voia = 0.

2. Tinh chat

a) Tap xac dinh: D = R

b) Tinh bién thién
X -0 b +w X -0 b +w
2a 2a
y=ax’*+bx+c | + oo + o0 y=ax*+bx+c _4
(@>0) (a < 0) / 2a \
_A/ b %
4a

¢) Tinh chan, 1&
e b=0: Him s6 y = ax’> + ¢ la ham s6 chan;

e b# 0: Ham sd y = ax® +bx +c = 0 khong chén, khong 1é.

d) Db thi: Parabol (P) c6 dinh I (%; ﬁ) va co truc dbi xing 1a duong thang x = %.
3. Cacvidu
Vi du 1: Khao sat va v& d6 thi ctia ham sd: y = x? - 4x +3
Giai

Tap xd&c dinh D =R
PinhIcotoadd:xi =— ==2=21y1=(x ) ~4(x1) +3=27 -42 +3=-1.
Vay I(2; -1).
Tryc dbi ximg x =2 d

Bang bién thién

X —00 2 +o0 J
2 x
y=x?-4x+3 40 +00 VIENV A
\ / JRN
-1

-20 -
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Vi du 2: Cho Parabol (P): y =-x>+bx +¢
a) Tim b, ¢ biét (P) c6 dinh I (1 ; -1);
b) Tim giao diém cua (P) va duong thang (D): y = 3x — 2.
Giai
a)Taco:xi=——=1 ©b=-2a ©b=-2.(-1)=2
[(1;-1) e P) -1=-12+bl+c ©b+c=0b=2 = ¢c=-2
b)CO(P):y=-x*> +2x -2 va (D):y=3x-2
Phuong trinh hoanh dé giao diém cua (P) va (D):
X2 2x-2=3x-2x*+x=0x=0vx=-1
Thé x=0vaoy=3x -2 =y="-2
Théx=-1vaoy=3x-2 2y=3(-1)-2=-5.
Vay 2 giao diém 1 (0;-2); (-1; -5).
BAI TAP

Bai 1. Khao sat sy bién thién va v€ d6 thi cua cac ham so:

a)yz—%xz; b)y =x%-2;
c)y = —x?% + 4x; d)y =x%—2x+2.
Bai 2. Khdo sit sy bién thién va v& do thi cia cac ham sé:
a)y =(3-x?% b)y = == (x — 2)?
Bai 3. V& d6 thi ctia mdi ham sb sau:
a)y={_f;ﬁ_3 xxS>;1; b)y:{:fc2+2x)§c§8'

Bai 4. Viét phuong trinh ctia Parabol (P): y = ax? + bx + 2 (a # 0). Biét,
a) Parabol di qua A (1; 5) vaB (-2 ; 8);
b) Parabol di qua A (3; -4) va c6 truc d6i xtmg 1a x = — %;
c) Parabol c6 dinh I (2; -2).
Bai 5. Tim giao diém cua d6 thi cac ham sb sau day:
Trong moi truong hop ve dd thi cua ching trén cung hé truc toa do.
a) y=x—1vay=x?—-2x—1;
b)y=2x—5vay=x%—4x+4;
c)y=x—xvay=—x?—2x+3.
Bai 6. a) Cho hai Parabol (P,)y = 2x2 va (P2): y = 2(x — 4)? c6 thé dung phép tinh tién
nhu thé nao d€ nhan dugc (P2) tr (P1);
-21 -
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b) Ciing hoi twong tu voi (P1).y = 2x% va (P2): y = 2x% + 4x — 3.

Bai 7. a) Tim gié tri 1én nhat, nho nhat ctia ham sé: y = x% — 2x voi 0 < x < 3;
b) Tuong ty ham sé: y = —x% + 5x — 4 v6i 0 < x < 3.

Bai 8. a) Khao sat va v& d thi (P):y = x? — 2x;

b) Dung dd thi (P) bién luan theo m s6 nghiém phuong trinh x2 — 2x = m.

-20 -
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ON TAP CHUONG II (1BT)

1. Hé thong kién thirc

VP@ L P(x) =20
xac dinh © {Q(x) 20

e Tap xé&c dinh: mxac dinh © P(x) > 0; 2

Ham s y =1f(x) co tap xd&c dinh D va K= D. Vx;,x, € K; X1 # X,
FEDTE) > 0« fddng bién trén K ; Z250 < 0 & fnghich bién trén K
2= 2—X1

e Ham séy = f(x)cé tip xac dinh D. Vx € D ¢é — x € D, f(-x) = f(x) < f 13 ham
sé chin; f(-x)=-f(x) < f 1a ham sd 1é.

e Tinh bién thién cta ham sb: y =ax + b (a # 0)

X —00 +o0 X —00 400
y=ax+b +o0 y=ax+b +o0
(a>0) —oo/ (a<0) \—oo
e Tinh bién thién cia ham s6: y =ax2+bx + ¢ (a#0)
X -0 b+ X -0 b+
2a 2a
y=ax?+bx+c y=ax?+bx+c _4
(a>0) (a<0) / 4a \
\:_/‘ VAR

Cho ham sé: y = f(x) c¢6 dd thi (G1) va y = g(x) c6 d6 thi (G2). Mudn tim giao diém

ctia (G1) v (G2) ta gidi hé {i B z g % hodc giai phuong trinh f(x) = g(x). Tir x tim y.

BAI TAP
Bai 1. Tim tap xé&c dinh cta cdc ham so:
a)y—ﬂ1 b))y =+vVx+2++V5—x;
_ V2x—-1 * _ Vx—1+vV4—x .
)y = x2—x-2" )y = (x-2)(x-3) "’

Bai 2. Lap bang bién thién cua cac ham so:

a)y =—-3x+5; b)y =12 —x|;
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c)y =x%>—4x+5; dyy=—x?—x+3.

Bai 3. Bang dinh nghia xét tinh bién thién clia ham s6 y = —

Bai 4. Xét tinh chan, 1é ctia cac ham so sau:

S by =Va +x% o)y ==

[x|-1

a)y =—— ;o d¥)y = |x[+ |x -1
Bai 5. V& dd thi cta cic ham s sau trén cung mat phéng toa do roi xac dinh toa do giao
diém cua ching:
aA)y=—x+3vay=—x?—4x+1;
b)y=2x+6vay=x?—5x+6;
ct)y =|x| vay=—x?+2x+2;
Bai 6. Choham sy = x2 + mx + m — 1
a) Khao sat sy bién thién va v& dd thi ham sb véi m = 4;
b*) Tim cac diém cd dinh ma ho Parabol y = x% + mx + m — 1 di qua khi m thay
doi.
Bai 7. Cho d6 thi (P) y = —x? + 2x. S& dugc dd thi ham sé nao néu tinh tién (P):
a) Xudng duéi 3 don vi;
b) Sang trai 2 don vi rdi 1én trén 5 don vi.
Bai 8. V& d6 thi ciia cac ham sd sau rdi 1ap bang bién thién cta no:

S IS el
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Chuong III. PHUONG TRINH VA HE PHUONG TRINH

Muc tiéu
Sau khi nghién ctru chuong nay, hoc sinh c6 thé:
- Biét duogc cac khai niém vé phuong trinh va hé phuong trinh.

- Giai duoc cac bai tip vé phuong trinh quy vé bac nhat, ham sb bac hai nhu phuong
trinh chira an trong dau gia tri tuyét ddi, phuong trinh chira an duéi dau can.

- Giai dugc hé phuong trinh bac nhat hai an bang dinh thic, bang may tinh bo tai.

- Giai dugc hé phuong trinh bac nhat ba an.

- Say mé va yéu thich tim hiéu cac bai toan vé phuong trinh, va hé phuong trinh.

§1. PAI CUONG VE PHUONG TRINH (2LT + 1BT)

1. Phwong trinh mét 4n

Pinh nghia: Cho ham s6 y = f(x) va y = g(x) c6 TXD lan luot D va Dy
,dat D = Ds N Dy. Ménh dé f(x) = g(x) dugc goi 1a phwong trinh én x.
x: got la an. D goi la TXD cua phuong trinh.
SO xy € D 1a mdt nghiém cua phuong trinh néu f (xy) = g(x,) 1a ménh dé dung.
2. Phuwong trinh twong dwong

filx) = g:1(x) © f,(x) = g,(x) (ching co6 cung tép nghiém)
Pinh li 1: Cho f(x) = g(x) c6 TXP: D, y = h(x) la ham so xdac dinh trén D ta
co:

fx)=g(x) e f(x) +h(x) = g(x) + h(x)
f(x)=gx) e f(x).h(x) = g(x).h(x) néu h(x) # 0,¥vx € D
3. Phwong trinh hé qua

f1(x) = g, (x) goi la phuong trinh hé qua ctia phuong trinh: f(x) = g(x) néu tap
nghiém ctia n6 chira tip nghiém cua phuong trinh f(x) = g(x). Ta viét:
fx) =gx) = fi(x) = g1(x)
Vi du 1: Cho phuong trinh: vx = 2 — x (1) ¢6 tap nghiém S; = {1}
Binh phuong hai vé ta dugc phuong trinh méi: x = 4 — 4x + x? (2) c¢6 tap nghiém S, =
{1; 4}. Nhan xét.S; c S, ta n6i phuong trinh (2) la phuong trinh hé qua cua phuong trinh
(1).

Dinh li 2: Khi binh phuong hai vé ciia mét phwong trinh ta dwoc phwong trinh
hé qua ciia phwong trinh da cho: f(x) = g(x) = [f(x)]* = [g(x)]?

Vi du 2: Cho phuong trinh |x — 1] = x —3 (1)
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Binh phuong hai vé ta duoc phuong trinh hé qua:
x2-2x+1=x*-6x+9x=2
Tht x =2 khong thoa (1).Vay phuong trinh da cho vo nghiém.
4. Phwong trinh nhiéu in

Phuong trinh nhiéu 4n 13 nhitng phuong trinh c¢6 dang: F(x,y) = G(x,y), F(x,y,2) =
G(x,y,2),...

Vidu3: —x + 2y + 3 = 2x% + 4xy — y? (1)
Vidu4: 2x + 5y +z=xyz
Céc khai niém vé tap xac dinh, tap nghiém, phuong trinh twong duong, phwong trinh hé
qua, ..., trong ty nhu & phuong trinh mot an.
5. Phwong trinh chira tham sb

Phuong trinh chira tham s6 1a nhitng phuong trinh trong d6 ngoai cic 4n con ¢ nhiing chir
khac an (tham so).

6. Bai tap ap dung

Bai 1: Tim diéu kién x4c dinh r6i suy ra tip nghiém phuong trinh:
Vx—1-2x=vx—-1-6 (%)
Giai
Pidukitnx—1>20=x>1
(*)=> —2x = —6 © x = 3 (thoa dkpt)
Vay tap nghiém phuong trinh: § = {3}
Bai 2: Giai phuong trinh (x2 — 4x + 3)V2 —x = 0 (¥)
Giai
2—-x20 x <2 x <2
(*)@i V2=x=0 @{[ 2—x=0 @{[ x=2
X2 —4x+3=0 x> —4x+3=0 x=1vx=3
Vay tap nghiém cua phuong trinh S = {1; 2}.
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Bai 1. Tim di€u kién x4c dinh ciia moi phuong trinh sau roi suy ra tap nghiém cua no:

aWx = —x b)3x —vVx—2=+v2—-—x+6
c)§=x+\/x—3 dDx+vVx—1=+/—x

Bai 2. Giai cac phuong trinh:

A x+Vx—1=2++vx—-1 b)x+vx—1=05+vVx—1
x 3 x 2

C) 2vVx=5 - Vx—=5 d) 2vx—-5 - x=5
Bai 3. Giai cac phuong trinh:
a)x +— =2 b)x +— ==
x—1 x—1 xX—2 x—2

c)(x?*=3x+2)Vx—3=0 Dx2—x—-2)Vx+1=0

Bai 4. Giai cac phuong trinh sau bang cach binh phwong hai vé ctia phuong trinh:

a)Vx —3 =v9 — 2x b)vx—1=x-3
¢)2|x—-1]=x+2 d|x—2=2x—-1
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§2. PHUONG TRINH QUY VE
PHUONG TRINH BAC NHAT, BAC HAI LT +2BT)

. Phuong trinh bac nhat
ax+b=0(*)

ea=0yy b+ 0:(*) vonghiém

’ A “A X b
e a # 0:(*) c6 mot nghi€ém duy nhat x = -

e a=0vyyb=0:(*) codnghiém ding véi moi x € R

Vidu 1: Giai va bién luan phuong trinh sau: m?x + 2 = x + 2m (*)

Giai
pte& m?x —x =2m—2
osm*-1Dx=2(m-1)

e Khim#+lem?2—-1+0 =pt (*) c6 nghiém duy nhét x =

2(m-1) 2

T m+1

m2-1

e Khim =1, (*): 0Ox = 0 = phuong trinh c6 nghiémVx € R
e Khim = -1, (*): 0x = —4 =phuong trinh v06 nghiém

Vay:

5 nghiém x = —— (tap nghiém S = {——
e m# £1:pt (*) 6 nghiém x = — (tapnghl‘?ms_{mﬂ})

e m = —1:(*) vonghiém (tdp nghi€ém S = @)
e m=1:(*)nghiém dung vé1 moi x € R (tdp nghiém § = R)

2. Phwong trinh bac hai
Dang: ax® + bx + ¢ =0

e a = 0: trd vé giai va bién luin phuong
trinh bx + ¢ =0
ea # 0:tinh 4 = b? — 4ac
e A > 0: phuong trinh ¢6 hai nghiém phan
biét:
_ —b+V2 -b—Va
X1 = 2a 2a
e A = 0: phuong trinh c6 mot nghiém kép
b

Vx2:

X =——
2a

¢ A < 0: phuong trinh v6 nghiém

e a = 0: Trd vé giai va bién luan phuong
trinh bx +¢c =0

ea#0:tinh4d' =b?%—ac
e A" > 0: phuong trinh c6 hai nghiém phan

biét:
_ b o

x1 =
e A" = 0: phuong trinh ¢c6 mot nghiém kép:
xX=—=
, a
e A < 0: phuong trinh v6 nghiém

= Chii y: Néu xy, x,1a hai nghiém ciia phuong trinh ax? + bx + ¢ = 0 thi ax? + bx +

c=alx —x)(x—x;)

Vi du 2: Giai va bién luan phuong trinh sau theo m: x? —4x —m + 5 = 0 (*)

A=22—-(—-m+5)=m-1
em< 1<:>A’<0:pt(*)vénghiém
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em=1& A"=0=p (*)conghiémkép x; = x, =_%=2

em>1e A"> 0=, pt(*)cohai nghiém phan bi¢t: x,, =2 +tvVvm +1
3. Ung dung ciia dinh li Vi-ét

Hai s6 x; va x, 14 cac nghiém ciia phuong trinh bac hai ax? +
bx + ¢ = 0 khi va chi khi chiing thod man cac hé thuc :

X1+ x, = —Svéxlxz ==
Nguoc lai, néuhaisbu+ v =Svau.v=Pthi uvlahai nghi¢m
cua phuong trinh : x> —Sx+P =0
Dinh li: Cho phuong trinh bac hai ax? + bx + ¢ = 0 c6 hai nghiémx, va x, (x; < x,).
Djt S = —2va P = = Khi do,
e Néu P < 0thix; <0 < x, (hai nghiém trai ddu )
eNéu P > 0vaS > 0thi 0 < x; < x, (hai nghiém duong )
e Néu P > 0va S < 0 thi x; < x, < 0 (hai nghiém 4m )

Vi du 3: Phuong trinh: (1 —v2)x%2 —2(1+V2)x +v2 =0

Tacoa=1—+2 < 0vac=+2>0nénP <0.Viy phuong trinh c6 hai nghiém trai
dau.
4. Phwong trinh quy vé bac nhit, bac hai

4.1. Phwong trinh chira 4n trong diu trj tuyét doi

B>0
@ Dang 1: |A| = {A=B
A=-B
Vi du 4: Giai phuong trinh: |x — 3| =2x + 1
Giai
1
2x—1>0 = ;
Ptei[x—3=2x—-1 —_—
{[x—S——(Zx—l) l _f
3

«Dang2: |A|=|B|&e [

Vi du 5: Giai phuong trinh
[2x + 1] = |x — 3]

A——B

Giai
Pt 2x+1=x-3
2x+1=—(x—3)
lx=—4
& 2
X ==
3

4.2. Phwong trinh chira 4n dwéi d4u cin
<= Dang 1:
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_ B=>0

A=Be(iZy

@DangZ:\/ZzB(:){ﬁ:gz
Vidu 6: Giai phuong trinh
1) V2x —=5=+vx—1

2) V2x—3=x—-2

Giai
_ x—12>0 x=1
1) V2x —=5=+x—1 Q{Zx—S:x—lﬁ{x=2(n)

Vay nghiém phuong trinh : x =2

2) V2x =3 =x—2
@{x—ZZO @{xZZ
2x —3 = (x — 2)? x2—6x+7=0
x =2
& [x=3—x/§(l)
x=3+V2 (n)

Viy nghiém ctia phuong trinh 1a: x = 3 + /2.

-30 -



l ﬁ’LY TU TRO NG

BAI TAP
Bai 1. Giai cac phuong trinh sau:
a) 2L — o, HVaZ—2=1-x
)V5x+6=x—6; d)V2x —1=+vx +3.
Bai 2. Giai cac phuong trinh sau:
a) |3x — 2| =2x+3; b) |2x — 1] = |5x — 2|;
¢) |lx — 4| =2x—5; d) |3x —2| = |x + 1].
Bai 3. Giai va bién luan cac phuong trinh:
a)y(m?+2)x—2m=x-3 ; bym(x —m)x =x+m—2;
com(x—2)+6 =m(x—m+3) = 0; d)ym?(x —1) + m = x(3m — 2).
Bai 4. Giai va bién luan cac phuong trinh:
a)2x2 —3x+m—17=0; b) (m—2)x> —2mx+m+9 = 0.

Bai 5. Cho phuong trinh: 2x% — 3x — 8 = 0. Khong giai phuong trinh hay tinh:
a) Tong cac binh phuong hai nghiém cta né;
b) Tong cac 1ap phuong hai nghiém cua nd;
¢) Tong céc luy thira bic bbn hai nghiém ciia né.
Bai 6. Cho phuong trinh: x* —4x + m — 1 = 0.
a) Tim m dé phuong trinh ¢ hai nghiém:;
b) Tim m dé phuong trinh c6 hai nghiém x;; x, thoa hé thirc x,3 + x,° = 40.
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§3. PHUONG TRINH VA HE PHUONG TRINH
BAC NHAT NHIEU AN (1LT + 1BT)

1. Phuong trinh bic nhét hai 4n

a,b,c R
24+b%2%0
Cap sb (xp; yo) 1a nghiém cua phuong trinh khi ax, + by, = c. Nguoi ta chimg minh
phuong trinh béac nhét hai 4n lubn ludn c6 vo sd nghiém .
Biéu dién hinh hoc tip nghiém 13 mot duong thing nim trong mit phing toa do Oxy.
2. Hé phuong trinh bac nhit hai 4n

ax + by =c, véi{

ax +by=c

H¢ phuong trinh bac nhat hai an c6 dang: {a'x +by=c" V01 X, y 1a an s0; cac chir sO

con lai 1a hé sb.
@ Gidi hé phirong trinh bdc nhdt hai an:
Ngoai cac phuong phap cong, phuong phéap thé ta da biét ¢ 16p 9, con cd phuong phap giai
bang dinh thuc sau:

ax+by=c (a’+ b?+0)
a'x+b'y=c'(a”+b” + 0)
Lap cac dinh thuc:

D = |Z, Il;" =ab'—a'b; D, = |:, ll;'| =cb'—c'b; D, = §,| =ac'—a'’c

- |a'

1) D # 0: HE c6 mét nghlem duy nhét (x, y), trong d6
Dy
x=—va y= Dy
2)D =0:
e D, # 0hodc D, # 0: HE v6 nghi¢ém
e D,=D,=0:H¢cov0 s6 nghiém, tap nghiém ctia hé 13 tip nghiém cta phuong
trinh ax + by = ¢
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, a1 . [(5x—2y=-9
Vi du 1: Giai h¢é phuong trmh.{ 4x +3y =2
Giai
15 2] _oany |9 =2|_ o0 _ |5 -9 _
Taco:D =7 % =230, =] |=-23p,=|; J)|=46
=2x_ 4
Hé phuong trinh ¢6 nghiém duy nhat %y
y:;:

Véy nghiém cua hé phuong trinh la (-1;2).
3. Hé phuong trinh bac nhét ba 4n

a;x + by +ciz=d;
Dang: iazx + b,y +cz=d,
aszx + byy + c3z = d;
& Pé giai hé phuong trinh trén ta c6 thé dung phuong phap thé hoic phuwong phap cong da
hoc ¢ 16p 9.
Vi du 2: Giai hé phuong trinh sau:
x+3y+2z=8
2x+2y+z=6
3x+y+z=6
4. Bai tap ap dung

Bai 1: Giai va bién luan hé phuong trinh sau:
mx+y=m+1
{ x+my =2
Giai
Ta co6 cac dinh thuec:
p=[" l=m-1=(m-D0m+1)

_m+1 1 _ 2 i _ .
Dx—| ;) m|—m tm—2=@m—-1)(m+2)

Dy=|T m;r1|=m—1

e D0 m+=+1

Dy (m-1)(m+2) _m+2
D (m-D(m+1)  m+1
_ Dy _ m-—1 _ 1
Y =0 T tnDmi1)  me1

X =

m+2 1

Hé phuong trinh ¢6 nghiém duy nhét (m , m)
eD=0m=+1
» Khim=-1= D = 0,D, # 0: h¢ phuong trinh v6 nghiém
» Khim =1= D = D, = D,: h¢ phuong trinh tr¢ thanh
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{x+y=2@ 4 _2@{ X €ER
x+y=2 xry= y:Z—x
Vay: m = %1: hé 6 nghiém duy nhét (20, —)

m = —1: H¢ vo nghiém
_1.H/‘ 4 A A h-;\ h { XER
m = 1: He ¢O vO so ng 1e_>m(x,y)saocoy=2_x

BAI TAP

Bai 1. Bang dinh thirc, giai cdc hé phuong trinh sau:

a){5x—7y=5 b){\/§x+2y=9
2x+9y =1 V2x — 5y = 12
Bai 2. Giai cac h¢ phuong trinh sau:
4 1 5 3
rigrial ate=4
a)q > 2 b){5 g
———=4 —2+—2:84
X y-1 a b
Bai 3. Giai va bién luan hé phuong trinh sau:
{ x—my=0 b{ 2ax +3y =5
2) mx—y=m+1 ) (a+Dx+y=0

Bai 4. Giai hé va kiém tra nghiém bang may tinh bo thi:
2x—y+z=5
{ x+y+z=5
3x +2y+z =24
Bai 5. Cho hé phuong trinh: {m;‘ I ;"3; E:’l"l .
a) Giai va bi¢n luan;
b) Tim m dé hé c6 nghiém duy nhét (x,, y,) sao cho x,,y, € Z;
c) Lap hé thuc lién h¢ gitra x, y,doc 1ap véi m.
Bai 6. Tim m dé cac hé sau c6 nghiém duy nhat:
{ x+my=1 b{mx+y=4—m
a) mx —3my =2m+ 3 )2x+(m—1)y=m
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ON TAP CHUONG III (1BT)

Bai 1. Giai cac phuong trinh:
a)V3x2 —2x —1=3x+1 b)2x —Vx—5=8—-+/x—-5
¢) 12x — 1| = |4x — 7| d)x?+4x—-3|x+2|+4=0
Bai 2. Giai va bién luan phuong trinh: m(mx — 1) = x + 1
Bai 3. Cho phuong trinh: (m — 1)x?+2x—1=0
a)Tim cac gia tri cia m sao cho phwong trinh d6 c¢6 hai nghiém trai diu ;
b)Tim cac gia tri cia m sao cho téng binh phuong cta hai nghiém ctia phuong trinh d6
bang 1.
Bai 4. Cho phuong trinh: x% + x — 4 = 0.

Tinh: A = x? + x2 B=x}+x3
C=x%x, + x,x2 D= (2x; — x,)(2x, — x;)
X1 X2 1 1
E= E + x_1 F= E + E
Bai 5. Giai cac hé phuong trinh:
a){x2+y2+xy=7 b){Z(x+y)2—xy=1
xy+x+y=5 x’y+xy?=0
Bai 6. Tim diéu kién dé cac hé phuong trinh sau c6 nghiém duy nhét:
mx+3=m-—1 5x+(a—2)y=a
a){Zx+(m—1)y=3 ){(a+3)y+(a+3)y=2a

Bai 7. Cho phuong trinh: mx? + 2(m + 3)x + m = 0. Dinh m dé phuong trinh:
a) Co nghiém;
b) C6 hai nghiém phan biét cung diu;
c¢) Co hai nghi€ém am phan biét.
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Chwong I. VECTO

Muc tiéu
Sau khi nghién ctru chuong nay, hoc sinh c6 thé:
- Biét duoc cac khai niém vé vécto, tich cia vécto voi mot so, hé truc toa do.

- Giai duogc cac bai tap veé tong, hi¢u cua vécto, cac bai toan lién quan h¢ truc toa do
- Say mé va yéu thich tim hi€u céc bai toan vé vécto, va hé truc toa do.

§1. CAC PINH NGHIA (ILT + 1BT)

1. Vecto
Vecto 1a mot doan thing c6 huéng. Ki hiéu: @, b,%,y,...; AB, MN, ...

Vecto AB ¢ A diém diu 1a A, diém cudi 1a B.

/A—)B/VB//T’
A a _,/ \;

vecto AB vecto d cac vecto
2. P06 dai cia mot vecto
Do dai cua vecto AB 1a do dai cua doan théng AB.
Ki hiéu: |E| (doc 1a do dai cua vecto E)
Vay: |AB| = AB = BA
3. Gia ciia mot vecto
Gia ctia mot vecto 1a dudng thang chira vecto do.
Vay: Gia cia vecto AB l1a duong thang AB.

A B
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Tom lai: Vecto AB co:
- Gia 1a dudng thing AB (phuong)
- Diém dau A, diém cudi B (chiéu tir A dén B)
- Do dai [AB| = AB (d6 dai)
4. Vecto — khong
Vecto — khong 1a vecto ¢6 diém dau va diém cubi tring nhau,
Ki hi¢u: A4, MM, ... ki higu 1a 0.
5. Hai vecto cung phuong
Hai vecto co6 gia song song hodc trung nhau goi 1a hai vecto cung phuong.
Nhu vay:
- Néu hai vecto cing cung phuong v6i mot vecto thir 3 (khac vecto — khong) thi
ching cung phuong vdi nhau.
- Vecto — khong dugc xem la cung phuong véi moi vecto.
Vi du 1: Cac cap vecto cung phuong

(a) (b) (c) (d)
Céc cdp vecto cung phuong.
Vi du 2: Cac cap vecto khong cung phuong

/ > %’
(e) ®

6. Hai vecto cung hwong, ngwoc huwdng

Xeét cac cap vecto cung phuong:

e S

(a) (b) (c) (d) ‘
- Truong hop (a) va (c) ta noi hai vecto d6 caung hwong (cung phuong, cung chicu)
- Truong hop (b) va (d) ta ndi hai vecto d6 ngwgc hwong (cung phuong, ngugc

chiéu)
Nhu vay:
- Néu hai vecto cing phuong thi hodc chung cting huéng, hoic ching ngugc
huodng.
- Vecto — khong dugc xem 1a cung hudng voi moi vecto.
7. Hai vecto bang nhau

Hai vecto dugc goi 1a bang nhau néu chung ciing huéng va cung do dai.
Ki hiéu: @ = b; AB = CD.
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Nhu vay:

B i B cimg hud
Ez:b(:){a cung huéng

al = [5)

Vi du 3: Cac cip vecto bang nhau

/ I \
</ (B) o T

Céc cip vecto bang nhau

Vi du 4: Cac cip vecto khong bang nhau

/ /
—_—
(a) (b) (c) (d)
(e) ®

- Cac vecto — khong déu bang nhau.

- Néu %= l_j)} = d = ¢ (T/C bic ciu)
=C
- Néu cho trude vecto a va mot diém O thi ton tai duy nhét diém A sao cho 0A = d.

8. Bai tiap ap dung

Bai 1: Cho tam gidac ABC déu, canh dai 3 cm.
a) Liét ké cac vecto khac vecto — khong c¢6 diém dau va diém cudi 1a dinh cua tam
giac ABC.
b) Hay chi ra cac vecto ciing phuong véi nhau (néu cé);
¢) Hay chi ra cac vecto cting huéng véi nhau (néu co);
d) Tinh d¢ dai cac vecto ;
e) Céac vecto dd néu c6 bang nhau khong? Tai sao?
Giai
a) Céc vecto: A
AB,BA,AC,CA,BC,CB
b) Céac cdp vecto cung phuong:
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ﬁvdﬁ
ﬁvdﬁ /
ﬁvdﬁ)

c¢) Khong c6 vecto nao cung hudéng véi nhau.
d) Vi tam gidc ABC déu canh dai 3 cm nén cic vecto ndy déu c6 do dai bang 3 cm
e) Céc vecto ké trén khong c vecto nao bang nhau vi chung khong cing hudng (mic
du co6 cung d¢ dai)
Bai 2: Cho hinh binh hanh ABCD, ¢6 O 14 giao diém hai duong chéo.
a) Hay chi ra cac vecto khac vecto — khong bang nhau;
b) X4c dinh diém E sao cho BE = AC. Hoi tt gidc ABEC 1a hinh gi? Tai sao?
Giai

a) Cac vecto bang nhau D ¢ /E

AB = DC,BA = CD
AD = BC,DA = CB
A0 = 0C,04 = CO
B0 = 0D, 08 = b0
b) Xac dinh di€ém E
Vi BE = AC nén diém E thudc duong thing qua B song song AC va thoa vecto BE cung
chiéu vdi vecto AC, BE=AC.
biém E xac dinh dugc 1a duy nhat
"] Tu giac ABEC la hinh binh hanh.
That vay:
Ta c6 BE = AC
{B_icimg  huong AC (BE//AC
|BE| = |AC| BE = AC

A B

= = tur gidc ABEC Ia hinh binh hanh.

BAI TAP

Bai 1. Cho hinh vudng ABCD. Liét ké tat ca cac vecto bang nhau.
Bai 2. Cho tam giac ABC. Cac diém M, N, I lan luot 1a trung diém céc canh AB, AC, BC.
Tim cac cip vecto bang nhau.
Bai 3. Cho tam giac ABC. Hay du:ng céc diém D va E sao cho: AD = BC, AE = CB.
Nhan xét gi vé hai vecto AD va AE
Bai 4. Cho tam giac ABC cén & A, dudng cao AH. Cac ménh dé sau day dung hay sai? (giai
thich)

a)AB = AC; b)AB =CA;  ¢)|AB|=|AC|; d)BH = HC
Bai 5. Cho ba vecto d, b, ¢eung phuong. Ching t6 rang c6 it nhat hai vecto trong ching c6
cung hudng.
Bai 6. Chitng minh ring: Néu A, B, C 1a ba diém phan biét va AB cung phuong AC thi ba
diém A, B, C thang hang.
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Bai 7. Cho tit gidc ABCD. Chung minh: Tt gidc ABCD 14 hinh binh hanh & AB = DC.
Bai 8. Hay néu dau hi¢u nhan biét mdt tr giac 1a hinh thoi bang kién thurc vé vecto.

§2. TONG VA HIEU CUA HAI VECTO (2LT + 2BT)

1. Dinh nghia

Cho hai vecto @ va b. Tir mot diém A nao do ta vé AB = d, rdi tir diém B ta vé tiép BC =

S

b.Khi d6 AC dugc goi 1a tong ciia hai vecto @ va

Kihiéu: @ + b.

—

Nhu vay: d + b = AC.
/' B C
a b A a+b
 —
2. Céc tinh chit

a) Tinh chit giao hoan: @ + b = b + d
b) Tinh cht két hop: (G+b) +é=d + (b + ©)
+0=d

¢) Tinh chat cong véi vecto — khong: d
3. Céc qui tiac cong

a) Qui tic ba diém
Véiba diém A, B, C bit ky ta ludn c6: AB + BC = AC

b) Qui tic hinh binh hanh
Néu ABCD 13 hinh binh hanh thi AB + AD = AC

RM C
A D
¢) Qui tac trung diem
Ae—eo—>» B

Néu I 14 trung diém doan thang AB thi IA+1B =0
I

d) Qui tic trong tAm
GC=0

Néu G la trong tim tam gidc ABC thi GA + GB +
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4. Vecto dbi cia mot vecto

Néu d + b = 0 thi hai vecto d va bgoi 1a hai vecto ddi nhau.
Vecto doi cua vecto d@ dugc ki hiéu 1a —a.
Vidu 1: Céc cdp vecto doi nhau

B

(a) (b) (c)

Céc cdp vecto do1 nhau

1

+(-a)=(-a)+a-=

d,b cung huéng

ldl = |b|

'] Vecto — khong c6 vecto doi la chinh no.

] Vecto AB c6 vecto dbi 1a ﬂ, tic 1a AB = —BA

0 d va Edéinhauc){

5. Hi€u cua hai vecto

Hiéu ctia hai vecto d va bla tdng cua vecto d va vecto ddi ctia b.
Kihiéu: d — b
Nhu viy: d — b = d + (=b)

6. Bai toan dung vecto hiéu

Cho @ va b. Hay dung vecto hiéu @ — b.

Giai
Cach dyng: 7 B
- Lay mot diém O tuy y
-TeOVE 04 = d b da—b
- Ciing tir O v& OB = b o) W A
Khi d6: BA = d — b a
Chitng minh:
That vay: BA=B0 + 04 (quy tic ba diém)
=04+ B0 (giao hoan)
= 0A + (—OB) (vecto dbi)
, =d-b
7. Qui tac trir B
Cho vecto AB va mot diém O tuy v, ta co:
A C

I AB = OB — OA (Chen diém O bén trai)
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I AB = AO — BO (Chen diém O bén phai) ,
Vi du 2: Cho hinh thoi ABCD c¢6 BD = 60° va mgt di€ém M tuy y.
a) Tinh: MB — MA + BC;
b) Tinh [BA — BD|, |BA — BC|.
Giai
a)Tacé:W—m+ﬁ = AB + BC = AC

AB
b) Tinh cac d6 dai:

| |BA—BD|=|D4| =DA=a

"I |BA-BC|=|CcA|=cA
- Tinh AC:
Goi O 1a giao diém hai duong chéo ctia hinh thoi ABCD

= AC=2A0
D& thay AO la dudng cao cua tam giac déu ABD
av3

> A0 = —
2

= AC = aV3
Vay: [BA — BC| = CA = av/3.
8. Bai tap ap dung

= DANG 1:

Tinh tong cta hai hay nhiéu vecto

2 PHUONG PHAP

Str dung cac tinh chat va cac qui tac cong dé thuc hién tinh tong cac vecto theo yéu cau.

Vi du 1: Cho tr giac ABCD, tinh:
a)ii = AB + BC + CD;
b)? = AB + CD + BC + DA..
’ Giai A B
a) Ap dung qui tic ba diém:
ii=(AB +BC)+CD
AC

=AC +CD

—

AD
= AD D
b) Ta c6: AB + CD + BC + DA = AB + BC + CD + DA (giao hoén)
= (4B + BC) + (CD + DA) (két hop)

=AC + CA (quy tic ba diém)
= A4 =0 (quy tic ba diém).
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*DANG 2:

-

Tinh d¢ dai ciia vecto tong: Tinh |d + b + ¢

|

PHUONG PHAP
- Str dung céc qui tc va cac tinh chit cua phép cong dé tinh tdng @ + b + ¢ = d.
- Tinh d6 dai vecto d béng céc kién thtrc hinh hoc phfmg da duoc hoc.

Vi du 1: Cho tam gidc ABC vudng tai A, biét AB =3, AC = 4. B

a) Tinh d6 dai canh BC;

b) Tinh |AB + BC|,|AB + CA|,|AB + AC|.

Giai
a) Tam gidc ABC vuong tai A = BC? = AB* + AC?
=32 +42=52 A c
= BC=5

b)

e Tacod: 4B+ BC =AC
= |AB + BC| = |AC| = AC = 4

e Taco:AB+CA=CA+AB=CB

—=|AB + CA| = |CB| =B =5
e Ap dung qui tac hinh binh hanh, ta co:

AB + AC = AD (D: 1a dinh hinh binh hanh ABDC)

= |AB + AC| = |AD| = 4D
Mat khac, hinh hinh hanh ABDC c¢6 BC = 90° = ABDC Ia hinh chir nhat

= AD=BC=5
Vay: |E+R| =AD =5
*DANG 3:

Chtng minh dédng thirc vecto (A, B 1a cac biéu thirc vecto)

Vidu 1: Cho bon diém, A, B, C, D. Ching minh réng: AB +CD = AD + CB
Giai
Ta co:
VT = AB + CD = AD + DB + CD
=AD +CD +DB =AD + CB
CB
= VP (dpcm).
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BAI TAP

Bai 1. Cho 5 diém A, B, C, D, E tuy y. Tinh céac vecto téng sau:
a)i =AB +BC+CD +DE;  b)o=AB+DE +BD +EA
Bai 2. Cho tam giac ABC déu canh bang a. Tinh do dai cua vecto tong E +AC.
Bai 3. Cho hinh thang ABCD c6 canh day AB = 2a, CD = a. I 1a trung diém cua AD.
Tinh [IB + IC|.
Bai 4. Chirng minh rang néu AB = CD thi AC = BD.
Bai 5. Tir gisc ABCD la hinh gi néu AB = DC va |AB| = |BC|?
Bai 6. Cho bon diém bat ky M, N, P, Q. Ching minh céc dang thirc sau:
a@)PQ + NP + MN = MQ; b)NP + MN = QP + MQ; ¢)MN + PQ = MQ + PN
Bai 7. Cho 6 diém A, B, C, D, E, F. Ching minh: AD + BE + CF = AF + BF + CD.
Bai 8. Chitng minh réng véi hai vecto khong cing phuong @ va b, ta c6:
@l - |b| < | +b| < |dl + [p] 7
Bai 9. Cho tam giac ABC. Cac diém M, N, P lan lugt 1a trung di€ém cac canh AB, AC, BC.
Chumng minh ring v6i diém O bét ky ta c6: 04 + OB + OC = OM + ON + OP.
Bai 10. Cho bén diém A, B, C, D. Ching minh déng thitc : AB — CD = AC + DB.
Bai 11. Cho hinh binh hanh ABCD, M 1a mét diém tuy y.
Chung minh rang: MA + MC = MB + MD
Bai 12. Cho ngii giéc ABCDE. Chimg minh: AB + BC + CD = AE —DE.
Bai 13. Cho hinh thang ABCD c6 canh day AB = a, CD = 2a. Goi M, N lan lugt 1a trung
diém ctia AD va BC. Tinh [MA + MC — MN|.
Bai 14. Cho sau diém A, B, C, D, E, F. Chitng minh ring: AD + BE + CF = AF + BD +
CE
Bai 15. Cho tam gidc ABC déu canh a, H 13 trung diém canh BC. Tinh |CA — HC|.

§3. TICH CUA MQT VECTO VOI MOT SO (2LT + 2BT)

1. Dinh nghia
Tich cta mot sd thuc k véi vecto d ld mét vecto, ki hiéu 1a kd, duge xac dinh nhu sau:
a) Néuk > 0 thi vecto ka cliing hudng véi vecto a ;
b) Néu k <0 thi vecto ka nguoc hudng véi vecto a.

ka| = IKl.lal
Vidu 1: Cho I 1a trung diém doan thang AB. Khi do,
AB = 241
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AB = —2BI

— 1—>

Al = -AB
2

2. Cac tinh chat

Cho hai vecto @, b va céc sb thuc k, 1 tuy y, ta co:
Dk(la) = (kDad
2)(k+Dd=kad+la
3)k(d + b) = kd + kb; k(@ — b) = kd — kb;
, Hkd =0k =0hodc =0
3. Cac qui tac
3.1. Qui tic trung diém
Diém I 13 trung diém doan thing AB & MA + MB = 2M] (M la diém tuy )

3.2. Qui tic trong tim
Diém G 1a trong tAm cia tam giac ABC & MA + MB + MC = 3MG (M la diém tuy
y)

4. Didu kién cung phwong ciia hai vecto

Vecto @ cung phuong véi b = 0 < 3k € R:d = kb
5. Dieu kién dé ba diém thang hang

Ba diém A, B, C thing hang < 3k € R: AB = kAC
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6. Biéu thi mét vecto theo hai vecto khéng cung phwong

Pinh 1i: Cho hai vecto khong ciing phiong @ va b. Khi dé moi vecto % déu cé thé biéu thi
mét cach duy nhat qua hai vecto @ va b, nghia la c6 duy nhdt cdp sé m va n sao cho
X = md + nb.

7. Bai tap ap dung
@DANG 1: Chirng minh mot diu hiéu hinh hoc.

& PHUONG PHAP
Str dung cac di€u kién twong rng nhu: A s
1. Tt giac ABCD 1a hinh binh hanh & AB = DC / /
& AB + AD = AC D C
2. Tt gidc ABCD Ii hinh thoi o {‘l‘%r_l) |€475| A
D
C

3. Badiém A, B, C thing hang < 3k € R: AB = kAC
C &€ AB(D ¢ AB)
] ) 3k € R: 4B = kCD
T DANG 2: Xdc dinh diém M thoa mt dang thvrc vecto cho trudc.
PHUONG PHAP
- Bién déi ding thic cho vé dang AM = ¥
(trong d6 A 1a diém c6 dinh, v 13 vecto khong d6i)
- L4y A 1am diém dau, dung AM = .
- Piém cudi M la diém can xac dinh.
'] Truong hop diac biét:

4. Pudng thing AB song song v6i dudng thing CD & {

AM=0eoM=4
AM=AB < M =B
@ DANG 3: Phdn tich (biéu thi) vecto x theo hai vecto khong cung phuwong q, b.
PHUONG PHAP o 7
Str dung linh hoat cac qui tac bién doi vecto (qt 3 di€m, gt hinh binh hanh, ...)
8 viét vecto % dudi dang X = md + nb.
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Vi du 1: Cho tam glac ABC trén ba canh AB BC, CA lan luogt 1ay 3 diém M, N, P sao cho
M la trung diém AB, BN = —BC va AP = —AC.

a) Chimg minh rang: AN = %AB + %AC;

b) Biéu thi vecto MP theo 4B va AC;

¢) Trén doan AN lay diém I sao cho 16A1 = 94N. Chtrng minh ba diém M, P, I thing

hang.

Giai
a) Ta co: BN = %ﬁ (gia thiét)
B — E— 1 — —
= AN — AB :§(AC—AB) A

= AN = %A—B) + %ﬁ(@pcm)
b) Biéu thi vecto MP theo AB va AC:
Ta c6: M la trung diém AB (gt) = AM = %A—B) B

Khi do:

W:ﬁ—ﬁ:%ﬁ—%ﬁ hay MP = —%EﬁA_c’
¢) Chirng minh ba diém M, P, I thang hang.
Ta co:

—

A1=—AN_—( 4B +1 AC)

—3AB+ 3 I¢ AC
8 16
Khi do:
m=ﬁ—m=gﬁ+i,4_c’—lﬁ

- _1AB 4+ AC = 1(—1,43 + 3A_’)
8 16 4\ 2 4
= Ml = %W’
Vay ba diém M, P, I thang hang.
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Bai 1. Goi I 14 trung diém cta doan ABvaOla diém tuy y. Ching minh: 0A + OB = 201
Bai 2. Cho ttr giac ABCD. Goi I, J lan luogt 1a trung diém hai duong chéo AC va BD. Chung
minh: AB + CD = 217..
Bi 3. Chimg minh G la trong tAm cita tam giac ABC khi va chi khi GA + GB + GC = 0.
Bai 4. Cho G 1a trong tam cua tam giac ABC, O la diém tuy y.
Chirng minh: 04 + ﬁ),_i_ 0C = 30—‘G>.

Bai 5. Chtrng minh rang néu G va G’ lan luot 1a trong tdm cua hai tam gidc ABC va A’B’C’
thi 3GG' = AA'+ BB'+ CC'. Tir két qua trén hdy suy ra diéu kién can va du dé hai tam giac
ABCva A’B’C’ c6 cung trong tam. 7
Bai 6. Cho tir gidc ABCD. Goi M, N lan luot 1a trung diém cua AD va BC. Chirng minh:

a) MN =~ (4B + DC) b) MN =~ (AC + DE)
Bai 7. Cho hinh binh hanh ABCD. Chimg minh: AB + 2AC + AD = 3AC.
Bai 8. Cho tam giac ABC. Goi M 1a mdt diém trén doan BC sao cho: MB = 2MC.
Chung minh rang: AM = %E + %ﬁ
Bai 9. Cho tam giac ABC, hdy dung cac diém M, N, P, Q thda:

a)MA + 2MB = 0; b)PA — PB + PC = 0;
c)NA +2NB — NC = BA; d)QA + QB +2QC =0.
Bai 10. Cho tam gidc ABC va 2 diém I, J xac dinh bdi:
‘  TA+3IC=0va JA+2/B+3]C=0.

Chung minh rang ba diém I, J, B thang hang.
Bai 11. Cho tam gidc ABC. Piém I trén canh AC sao cho CI = %CA,
J 1a diém ma BJ = %A_c’ - EE.

a) Chung minh: BI = %ﬁ — 4B;

b) Ching minh B, 1, J thang hang;

¢) Hay dyng diém J thoa dicu kién dau bai.
Bai 12. Cho luc giac déu tam O c6 canh a.

a) Phan tich vecto AD theo hai vecto AB va ﬁ;

b) Tinh d¢ dai cua vecto %E + %ﬁtheo a.
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§4. HE TRUC TQA PO (LT + 2BT)

1. Truc toa d9: (O, 7) hay truc Ox o= >
e alatoadodcua u tréntruc (0,7) © U = al
e Toa dd cua vecto AB trén truc (O, 1) dugc ky hiéu 1a AB (doc la do dai dai sb cua
vecto AB trén truc Ox). Khi d6: AB = x5 — x,
e xu la toa d cla diém M trén truc Ox < oM = Xpe L
2. Hé truc toa do: (0, 7,j) hay hé truc Oxy

Y
2.1. Toa do cuaa vecto *
e Toa dd vecto u dugce ki hiéu:
Uu=xy)eu=x1+y.j 0 4

¥

e Cho haivectod = (x;y) va b = (xy") =
) d+b=x+x5y+y);

i—b=(x—x5y-y
2) k.a = (kx; ky)

3) Hai vecto bing nhau: d = b < {

!

y=y'

. N . =, - = k '
4) Hai vecto cung phuong: a cung phuong b(a,b # 0) & 3k € R: {;C] _ k;
ox.y —y.x'=0
ei=2uxy +0)
2 x, y’ ’
2.2. Toa do diém
e Toa do diém M duoc ki hiéu: M(xm ; ym) © OM = xp. T+ yar.J
e Cho ba diém A(xa ; ya), B(xs ; yB), C(xc ; yo).

1). E = (Xp — X4;Y8 — Ya)

__XAptXp
\ X 2
2) Ila trung diém AB &  yatye
yr="—"">7
Xpt+txpt+Xxc
N A e 3

3) G la trong tadm cua tam giac ABC & !  yatyetye
; = A2

3
4) Toa do céac diém doi xung :
e A doi xtmg vdi A qua Ox = Ai(Xa ; —ya)

- 49 -



l ﬁ’LY TU TRO NG

o A ddixung voi A qua Oy = Aa(—Xa ; Ya)
e A3 doi xung voi A qua O = A3(—xa;—Yya
3. Bai tap ap dung

*DANG I:

Xdc dinh toa dé diém, toa dp vecto théa diéu kién cho trudc.

#PHUONG PHAP : 7 :

Tuy truong hop cu thé ma ta sir dung cac diéu kién vecto tuong tng.
Nhac lai mot s6 truong hop thuong gép :

e Badiém A, B, C thing hang < 3k € R: 4B = kAC

e Ti gidc ABCD la hinh binh hanh & 4B = DC

Vidu 1: Cho ba diém A(-1 ; 2), B(1 ; 4), C(3 ; 1).
a) Xac dinh toa do trung diém canh BC;
b) Xac dinh toa d§ trong tam cua tam gidc ABC;
¢) Tim toa do diém D dé tir giac ABCD 14 hinh binh hanh.
d) Goi M 1a giao diém cua AB véi Oy. Xac dinh toa do diém M;
e) E 1a diém théa: AE + 2BE — 5CE = 0. Tim toa do diém E.
Giai
a) Toa d6 trung diém I cua canh BC:
xp+xc _ 143

x11= = =:2
2 2 .5
_YB+J/C_4+1_5®I(2’2)

Yi="F T T3

b) Toa do trong tam G cua tam giac ABC:

3 3 7

_ yatystyc it 7 S0 (1?‘)

Ve === = =

c¢) Gia su D(x; y). Ta co:
AD=(x+1;y—2); BC=QB-1;1-4)=(2;-3)

Tir gise ABCD 14 hinh binh hanh < 4D = BC < {x tl1=2 4 {x =1
y—2=-3 y=-1

Vay D(1 ; -1).

d) Goi M 1a giao diém cua AB vdi Oy.

ViM e Oy, M € AB nén M(0 ; y) va AM cung phuong véi AB

Tacod: AM = (1;y —2); AB = (1 + 1,4 —2) = (2;2)

Khido: 1.2-2.(y-2)=02y=3

Vay M(0 ; 3).

e) Gia su E(x ; y). Ta co:

AE=(x+1;y-2); BE=(x—Ly—-4); CE=(x—-3y-1)

Khi do:

Xatxpt+xc —-1+1+3
{xcz— [xcz _1

Yo = 3 3
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AE + 2BE — 5CE =0

{x+1+2(x—1)—5(x—3)=0@{x ZS@E<7;—_5>
y—2+2y—4)-5@—-1)=0 y=7 2
Vi du 2: Cho ba vecto @ = (2;5),b = (4;1),¢ = (0;5).

a) X4c dinh toa do ciia B = 3d — b + ¢;

b) X4c dinh hai sé m, n sao cho @ = mb + né.

Giai
a) Goi (x; y) 1a toa do cua vecto v
$=3d—b+¢

x=32—-4+0 X =2 L
‘:’{y=3.5—1+5‘:’{y=19‘:”’_(2'19)
b) Ta co:

d = mb +né
(=mi+no m=2,

&
5=m.4+n5 n=—§

= DANG 2:

Chitng minh mét dau higu hinh hoc.

2 PHUONG PHAP

Chi viéc chirg minh diéu kién vecto twong Gmg. Luu ¥ st dung cac cong thirc toa do.

Vi du 1: Cho ba diém A(1 ; 2), B(0 ; 3), C(5 ; -2). Ching minh ba diém A, B, C thiang hang.

Giai
Ta c6: AB = (—1;1),AC = (4; —4)
— AC = —4AB
— Ba diém A, B, C thing hang.[] .
, BAI TAP
Bai 1. Viét toa do cac vecto sau:
d=21+5];  b=-51+-]; c=i—-7; d=2j
Bai2.Chod = (1;2), b = (0;3). Tim toa do cta cic vecto:
@)X =ad + b; b)y =d—b; €)% = 34+ ~b.
Bai 3. Tim toa d¢ di€ém B trong cac truong hop sau:
a) OB = —57 + 3; b) OB =] —1;

0)AB = (2;-2)vaA(1;-3) d) AB=20+3); OA=-4I
Bai 4. Cho hinh binh hanh ABCD. Biét A(1 ; -3), B3 ; 1), C(5 ; -5).
a) Tinh toa dg di€m D;

b) Goi 1 14 tim hinh binh hanh ABCD. Tinh |0 | (v6i O 1a gbc toa do).
Bai 5. Cho céc vecto d = (2;1), b = (3;4), &= (7;2).
a) Tim toa do cua vecto U = 2d — 3b + ¢
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b) Tim toa do cua vecto x sao cho X +d = b—¢
¢) Tim cac sé k, 1 4 ¢ = kd + Lb.

Bai 6. Cho ba diém A(-1 ; 1), B(1 ; 3), C(-2 ; 0). Chtrng minh ba diém A, B, C thing hang.
Bai 7. Cho tam giac ABC c6 A(-3 ; 6), B(9; -10), C(-5 ; 4).

a) Tim toa d0 trung diém cac canh cua tam gidc ABC;

b) Tim toa do trong tdim G cua tam giac ABC;

¢) Tim toa d6 diém D sao cho t&r giac BGCD 14 hinh binh hanh;

d) A’ 1a diém ddi xtng v6i A qua B. Tim toa d6 diém A’.
Bai 8. Cho bdn diém A(-2 ; -3), B(3 ; 7), C(0 ; 3), D(—4 ; -5).
Chtng minh rang hai dudng thing AB va CD song song v4i nhau.
Bai 9. Cho tam gidc ABC. Cac diém M(1 ; 1), N(2 ; 3), P(0 ; —4) 1an luot 1a trung diém cac
canh BC, CA, AB.

a) Tinh toa dg cac dinh cua tam giéc;

b) Chirng minh hai tam gidc ABC va MNP c¢6 trong tam trung nhau.
Bai 10. Cho tam giac ABC c¢6 A(1 ; —1), B(5 ; —3) dinh C trén Oy va trong tdim G trén Ox.
Tim toa d6 cua C.
Bai 11. Cho ba diém A(—4 ; 1), B(2 ; 4), C(2 ; -2)

a) Chirng minh A, B, C Ia ba dinh ciia mdt tam giac;

b) Tim toa do trong tdim G cua tam giac ABC;

¢) Tim toa d6 diém D sao cho C 1a trong tAm tam gidc ABD.
Bai 12. Cho ba vecto @ = (2;—2),b = (1;4), & = (5;0). Hay tim hai s6 m, n sao cho
¢=m.d+n.b.
Bai 13. Cho ba diém A(2 ; 5), B(1 ; 1), C(3 ; 3).

a) Tim toa do diém D sao cho: AD = 34B — ZE;

b) Tim toa do diém P sao cho: 3PA + PB — 2PC = ﬁ;

¢) Tim toa d6 diém E sao cho t& gidc ABCE 1 hinh binh hanh.

Tim toa do tam hinh binh hanh do.

ON TAP CHUONG I (1BT)

1. Cac phép toan: cong, trir hai vecto; nhan mét s6 véi mot vecto.
D. Cic qui tic

a. Qui tic ba diém:

Véiba didm A, B, C bat ky ta ludn c6: AC = AB + BC (chén gifra)

b. Qui tdc trir: Cho vecto AB va mot diém O tuy y, ta co:
I AB = OB — 04 (chen trdi)
I AB = A0 — BO (chen phai)

C. Qui tac hinh binh hanh:

Tt giac ABCD 1a hinh binh hanh & AD = BC

—_—  —

& AB + AD = AC
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d. Qui tac trung diém:
Piém I 14 trung diém doan thang AB & IA+IB=0
, & MA + MB = 2MI (M: tuy ¥)
e. Qui tac trong tam:
Piém G la trong tim tam gidc ABC & GA+GB+GC=0
& MA+ MB + MC =3MG (M: tuy y)

3. Toa do cua vecto va diém

Trong mat phéng toa do Oxy, cho @ = (x;y),b = (x%y") Vi cac diém A(XA ; yA),
B(xs ; yB), C(xc ; yc). Cho trude sb thuc k.

Khi dé, ta c6 cac cong thirc sau:

a. d+b=(x+tx5y+y)

b. k.a = (kx; ky)

c. Diukién bing nhau: d = b & {; z ;
d. Diéu kién cung phuong: d cing phuong E(&, b+ 6) exy —yx' =0
e. AB = (Xp —X4;¥Yp = Ya)

__XatXp
. .2 2
f. Tlatrung diém AB <  yatyg
Yr=—">
_ Xpa+xpt+xc
c = 2—=2—¢
. A . 3
g. G la trong tam cua tam gidc ABC & {y  yatyetyc
; = =2 =¢

3
h. Toa d¢ cac diém d6i xtng :
o A dbixing voi A qua Ox = Ai(Xa ; — ya)
o A, dbi xung voi A qua Oy = Ax(—Xa ; ya)
o As dbi xing voi A qua O = Asz(—xa ; —ya)
o A’ ddixing voi A qua B = A’(2xp — XA ; 2YB — ya)
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Bai 1. Goi G 1a trong tAm cua tam gidc ABC. Bata = 54), b = GB. Hay biéu thi mdi vecto
E, ﬁ), R), CA qua cac vecto avab.
Bai 2. Goi M, N lan luot 13 trung diém cac doan thing AB va CD. Chimg minh rang:
2MN = AC + BD = AD + BC. ‘ 7 ’
Bai 3. Goi O la tam cua hinh binh hnh ABCD. Chirng minh rang v61 diém M bat ky, ta c6:
MO = (MA + MEB + MC + MD).

Bai 4. Cho doan thang AB va diém I sao cho 214 + 318 = 0.
a) Tim s6 k sao cho Al=k.AB;
b) Chiing minh ring v6i moi diém M, ta c6: MI = gm’ + %Wi
Bai 5. Cho tam giac ABC.
a) Tim cac diém M va N sao cho MA — MB + MC = 0va 2NA + NB + NC = 6;
b) Vi cac diém M, N & cau a, tim céc s p va q sao cho: MN = pA_)Q + qﬁ.
Bai 6. Cho luc gidc ABCDEF. Qoi P, Q,R, S, T, U lan lugt la trung di€ém cac canh AB, BC,
CD, DE, EF, FA. Chtirng minh rang hai tam gidc PRT va QSU c6 trong tam trung nhau.
Bai 7. Cho AABC. Goi M 1a trung diém ctia AB va N 1a mot diém trén canh AC sao cho
NA = 2NC. Goi K 14 trung diém ciia MN. Phan tich vecto AK theo hai vecto AB va AC.
Bai 8. Cho tam giac ABC, xéc dinh cac dinh M, N, P thoa :
MB = 2MC,NA + 3NC = 0,PA + PB = 0.
a) Tinh W, PN theo AB vfi AC ;
b) Chimg minh M, N, P thang hang.
Bai 9. Cho tam giac ABC, hay dung céac diém P, I thda:
a)PA + 2PB = CB; b)IA +1B +IC = AB + AC
Bai 10. Trong mét phang toa do Oxy, cho ba diém A(-1; 3), B(4 ; 2), C(3 ; 5).
a) Chung minh ba diém A, B, C khong thang hang;
b) Tim toa do diém D sao cho AD = —SE‘);
c¢) Tim toa do diém E sao cho O la trong tam cua tam giac ABE.
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Chuwong II. TICH VO HUONG CUA HAI VECTO

Muc tiéu
Sau khi nghién ctru chwong nay, hoc sinh co6 thé:
- Biét duoc cac khai niém vé gid tri luong giac ciia mot goc bat ki, tich vo hudng cua

hai vécto.

- Giai duogc cac bai tap vé gia tri luong giac, tich vo hudng cua hai vécto, tinh d dai
cua vécto, khoang cach gilra hai diém.

- Say mé va yéu thich tim hiéu cac bai toan vé tich v hudng cia hai vécto.
§1. GIA TRI LUQNG GIAC CUA MOT GOC BAT KY
TU 0° — 180° (2LT + 2BT)

1. Dinh nghia

Vé6i mdi goc a (0° < o < 180°), ta x4c dinh diém M trén ntra dudng tron don vi sao
cho MOx = a. Gia st M(Xo, o), khi do:

e sin cua goc a la yo. Ki hi€u: sina = yo. . Ya

e cOsin cua goc a la Xo. Ki hiéu: cosa = Xo. Y,

e tang cua goc a la z—z (Xo # 0). Ki hi¢u: tana =z—z

e cOtang cua goc a la Zo (Yo # 0). Ki hi¢u: cota =0 u %

Yo Yo e O “X

Céc gid tr1 sino, cosa, tana, cota dugce goi la cac gid tri lwong gidc cualcung o.

Vi du 1: Tim céc gia tri lugng giac cua goc 45°.
e Lay diém M trén nira duong trin don vi sao cho: xOM = 45°,

Yya
e Khi d6 toa do cua diém M(£ £)
2 (22
o Viy:sind5° =2 cos45° =22, tand5° = 1, cotd5° = | f : N
2. Tinh chit 45°H |
[o) X, X
sino. = sin(180° — o) tana = —tan(180° — a)
cosa = —co0s(180° — o) cota. = —cot (180° — a)

Vi du 2: Tinh gia tri luong giac ctia goc 135°.

e sinl35°=sin(180° — 135°) = sin45° = E;
o C0s135° = —cos(180° — 135°) = —cos45°® = 2.
e tanl35°=—tan(180° — 135°) = —tan45° =—1;
e cotl35°=—cot(180°— 135°) = —cot45°=—1
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3. Gia tri lwong gidc ctia mot sd goc dic biét

(04
GT luong gibc 0 30 45 60 90° | 120° | 135° | 150° | 180
. I I I T A I I R
sinal > 5 > > > >
B2l 1wzl 3]
cosa 1 > > ) 0 2 |5 |~
V3 _ V3
tano 0 | - 1 V3 | || V3| -1 | _ 5 0
V3 V3 _
cotal [l | V3 1 2o =22 - V3| |l
3 3
Vi du 3: Tim céc gia tri lugng giac cua goc:  a) 60° ; b) 150°
Giai
a) sin6(° = ?; cos60° = %; tan60° = v/3; cot60° = ?
b) Siﬂ150°:%; cos150° = —?; tan150° = —?; cot150° = —/3

4. Bai tap ap dung

@ DANG 1: TINH GIA TRI LUQNG GIAC CUA MOT SO GOC PAC BIET

& Phwong phap

- Tim toa do diém M(xo, o) sao cho XOM = o trén ntra dudng tron don vi,
ta co:
SIN0L=Yo; COSOL=1Xo; tano = y—o; cota = Lo

o Yo

- Sir dung tinh chat: (Hai goc bu nhau)
sin(180° — o) = sina; cos(180° — a) = — cosa;
tan(180° — o) = — tana,; cot(180° — o) = — cota..

Bai 1. Tinh gi4 tri caa biéu thirc:
A = c0s?120° — sin?150° + 2tan?135° — sin?90°
B = c0520° + c0s40° + cos160° + cos140°
Giai
A = c0s?120° — sin?150° + 2tan?135° — sin?90°

_ 1) 1)2 2 2 _
-(=3) - () +2epr -1 =1
B = c0s20° + cos40° + cos160° + cos140°
= 0s20° + c0s40° + (—c0s20°) + (—c0s40°) =0
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@ DANG 2: CHUNG MINH CAC HE THUC VE GIA TRI LUQONG GIAC

& Phwong phap

- Duva vao dinh nghia gié tri lugng giac cia goc a (0 < a < 180°).

- Duya vao tinh chét cua téng ba goc ciia mdt tam giac bang 180°.
Bai 2. Cho AABC. CMR: a) sinA =sin(B + C) ; b) cosA =—cos(B + C).
Giai

a) CMR: sinA = sin(B + C)

Trong AABC taco: A+B+ C=180°

Do do: VP =sin(B + C) =sin(180° — A) = sinA = VT (dpcm)

b) CMR: cosA =—cos(B + C)

VP =—os(B + C) =—o0s(180° — A) =— (—cosA) = cosA = VT (dpcm)

Bai 3. Ching minh rang: cos?a +sina=1  (0° < o < 180°)

Ya Ya
M(%5,Y,)
0’70 K K e M(x()!y())
M [T 5 | 5
H O =X 0 H =X

e Néu o = 0° thi cos®a + sin®o. = 12+ 0% = |
e Néu o =90° thi cos?a + sino. = 0% + 12 = 1
e Néu a = 180° thi cos?a + sinZa = (— 1)2+ 02 =1
o Néua #0° a=90° a = 180°. Liy diém M (X, Yo) trén nira dudng tron don vi sao
cho XOM = o.. Goi H, K 14an luot 13 hinh chiéu vudéng goc ctiia M trén Ox, Oy.
Ta co: sin’a. + cos’a = yZ + x2 = MH? + OH?
AOMH vuodng tai H = MH? + OH>=0M? =1
(do OM la ban kinh ctia duong tron don vi).
Vay: sin’a. + cos’a = 1 (dpcm)
Bai 4. Chimg minh rang: tana = ﬁ (o # 90°). Trén ntra duong tron don vi 1y diém

M(Xo, Yo) sao cho XOM = a. Theo dinh nghia ta co: tana = z—"; cota, = :}—0 nén tana.coto =
YoXo _ | ’ ’

Xo Yo

1
= tanot = —-— (dpcm)
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BAI TAP

Bai 1. Tinh gi4 tri cta cac biéu thirc:

a) A = (2sin30° + cos135° — 3tan150°)(cos180° — cos60°);

b) B =sin?90° + c0s?120° + cos?0° — tan?60° + cot*135°

¢) C=(cos150° + sin150°)(cos30° + sin30°);

d) D = c0s0° + cos10° + cos20° + ... + cos170° + cos180°
Bai 2. Pon gian biéu thirc:

a) A = (asin90° + btan45°)(acos0° + bcos180°);

b) B = 4a”.cos*60° + 2ab.cos>180° +§ b%cos?30°

c) C=cos16°+ cos80° + cos100° + cos164°

d) D = 2sin(180° — a).cota — cos(180° — a).tanat.cot(180° — o).
Bai 3. Cho AABC. Chting minh rang:

a) sin(A + B) = sinC; c) tan(A + B) = —tanC ;

b) cos(A + B) = —cosC; d) cot(A + B) = —cotC.
Bai 4. Ching minh rang:

a) 1+ tan’a =C;

)
0 2«

b)1 + cot?a =

si 2a’

Bai 5. Cho tan @ = v/2. Tinh gia trj cta biéu thic: A =

3sina—cosa
sina+cosa
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§2. TICH VO HUONG CUA HAI VECTO (LT + 2BT)

1. Goc gitra hai vecto

Cho hai vecto @ va b khac 0. Tir diém O nao d6 ta vé 2
0A = dva OB = b. Khi do,

g A
géc AOB 1a goc giita 2 vecto d va b. 0
Ki higu: (@, b) b S
b B

e Néud=0hoich = 0 thi (@ b) tiy §

o Néu(d,b)=90°thid Lb

Vi du 1: Cho AABC vudng tai A va co B = 60°. Khi do,
(B4, BC) = 60°

(BA,CB) = 120°

(AC,BC) = (CA,CB) = 30°

(AC,CB) = 150°

(AC,AB) = 90°

2. Tich vo hwéng cia hai vecto

u a.b dugc xac dinh boi:
I;| cos(d, 5)

—_—

Vi du 2: Cho hinh vuéng ABCD canh a. Tinh AB. AC; AB.BC; AC.DC

Tich v6 hudng cua hai vecto 1a mot

-

¥
=
a.b

ki hié
= |dl.|

— —_— — — A B
o AB.AC = |AB|.|AC|.cos(AB, AC) 45°
= a.aV?2.cos45° = az.ﬁ.g = a?
. AB.5C = [4B|.|BC|. cos (4B, 5T)
=2a.2.c0890°=2a%.0=0 D C

e AC.DC = |ﬁ| |D—C)|.cos(ﬁ,ﬁ) =a.aV2.co0s135° = a?.+/2. (— ﬁ) = —q?

2
|d|?

% Chuy:a*=d.d

3. Tinh chit

Véid,b,ctuy y vak € R. Ta co:
a

e d.b=h.
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o (k.d@).b=d.(k.b) = k.(d.b)
e 4b=0odlb ed(b+é)=d.b+d.c
4. Biéu thirc toa d9 ciia tich vé huéng

Trong hé toa do: (0,7,]) cho a= (x;y),b = (x'y)
. Tich v6 huéng ciia 2 vecto : d.b = x.x'+ y.y'
. Do dai cua vecto d : |a| = /x2% + y2
xx'+y.y'

o Goc gitra hai vecto : cos(o‘i, b) IaI |b|
S [x 7y

@¢6* 0)
° Dic biét: E(:)x.x'+y.y'=0
Vidu3: Chod = (3; —1),5 =(2;1),¢ = (5;m)
a) Tinh tich vo huéng @. b; c. Tinh géc giita 2 vecto @, b;
b) Tinh do dai cua vecto a; d. Timmdéd L ¢C.
Giai

a) a.b=32+(C1)1=6-1=5

b) ldl=vV9+1=+10

. 2+(-1). 5 V2 S5 P
c) cos(a,b) =%=ﬁ=;: (a,b) = 45°

dadlc=35+-1)m=0<m=15
5. Khoang cach giira hai diém

Cho hai diém A(xa, ya); B(xs, yB), ta co:

o E=(XB_XAF3’B_3’A)
o AB =|AB| =/(x5 — x0)? + (¥5 — ¥a)?

Vi du 4: Cho A(3; 2), B(—1; 5). Tinh d6 dai doan AB:
Giai
=|AB| = /(-1 -3)2+ (5-2)2 =V16 + 9 = V25 = 5.
6. Bai tap ap dung

@ DANG 1: TINH TiCH VO HUONG CUA HAI VECTO

& Phwong phap
- Xéc dinh goc giita 2 vecto: d va b
- Ap dung cong thirc: d.b = |d|. |E| cos(d, 5)
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Bai 1. Cho AABC déu canh a. H 1 trung diém BC, G 1a trong tdm ctia AABC.
a) Tinh AB.AC; AB. BC;
b) Tinh AB.AH; BC. AH;
c¢) Tinh ﬁA—C), GB.GC.

Giai
a) Tinh ﬁA—C), AB.BC A
e AB.AC = |E| |R|.cos(ﬁ,ﬁ) = a.a.cos60° = a?z
e AB.BC = |E| |B_C>|.cos(ﬁ,ﬁ) =a.a.cos120° = —a?z G
b) Tinh AB.AH; BC.AH
B T C

o AB.AH = |ﬂ§| |ﬁ|.cos(ﬁ,ﬁl)) = a.%B cos300 = 3£
2 4

e BC.AH = 0(doAH 1 BC)
¢) Tinh GA.AC; GB.GC

a?

o GA.AC = |E4)| |ﬁ|.cos(a4),A_C)) = a—ﬁ.a. cos150% = ——
a\/_ a\/_

a?

e GB.GC = |GB|.|GC|.cos(GB,GC) = c0s120° = =%
6

@ DANG 2: CHUNG MINH CAC PANG THUC VE VECTO CO LIEN QUAN PEN
TiCH VO HUONG
2 Phwong phap:
- Dﬁngquytéc3diém:A—B)+ﬁ=f hay 0A — OB = BA
- St dung tinh phéan phéi cua tich vo hudng :
d(b+é)=ab+aé i(b—¢) =
Bai 2. Cho AABC véi diém M tuy y. CMR:
a) MA.BC + MB.CA + MC.4B = 0;
b) MA.MB = OM? — 0A? (v6i O 1a trung diém AB).
Giai

_Q¢
ay

a) VT  =MA.BC + MB.CA + MC.AB
= MA.BC + (MA + AB).CA + (MA + AC). AB
= MA.BC + MA.CA + AB.CA + MA.AB + AC.AB
= MA.(BC + CA + AB) + 4AB.(CA + AC)
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= MA.0 + AB.0 = 0=VP.

b) VT = MA.MB = (MO + 0A)(MO + OB)
= (MO + 04)(MO — 04) = M0? — 042
=MO? - OA? = VP.;

@ DANG 3: CHUNG MINH SU VUONG GOC CUA HAI VECTO

& Phwong phap:

St dung tinh chit: d L b © d@.b = 0
Bai 3. Cho AABC c6 gocc A nhon. V€ bén ngoai AABC cac tam giac AABD va AACE

vuodng can tai A. Goi M 1a trung diém BC. CMR: AM L DE.

Giai

Chting minh: AM L DE. E
(Ta can chirng minh : AM.DE = 0)
Ta ¢6: AB + AC = 2AM (quy tac trung diém)
1
=AM = E(AB + AC)

4

e DE =AE —AD
AM.DE  ~1(4B +4C)(4E - AD) B~ M C
! (4B, 4F — 4B.4D + AC.4F — 4¢.2D)
2 —
0 0

f(ﬁi.ﬁ —AC.AD)
=~ [AB. AE. cos(AB, AE) — AC.AD.cos(AC, AD)|]
[AB.AE.c0s(90° + A) — AC.AD.cos(90° + A)]
.0 = 0 (vi AB = AD, AE = AC)

= AM L DE = AM 1 DE.o

I
N|RN |-

= DANG 4: TIM TQA PQ PIEM-VECTO THOA PIEU KIEN CHO TRUOC
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& Phwong phap
- Sir dung biéu thirc toa do cua tich vo huéng: d(x; y), b x5y

a.b=x.x"+y.v, |dl = /x? + y?
- d.b X+y.y'
COS(C_i, b) = |da| _ xXx'+y.y

B~ oz ey

AB = |AB| = /(xs — x)> + (V5 — ¥a)?

Bai 4. Trong hé toa do (0,7,]) cho diém A(-1; 2) va B(5; 4)
a) Tim diém M trén truc Ox sao cho AMAB vuong tai M;
b) Tim diém N trén truc Oy sao cho ANAB can tai N.
Giai
a) Tim diém M trén truc Ox sao cho AMAB vuéng tai M
ViM e Ox nén M (m; 0). AMAB vudng tai M <> AM.BM = 0
e AM=(m+1,-2) ; BM = (m —5,—4)
e AM.BM =0
<Sm+1)(m-5)+8=0
om?-4m+3=0
Sm=1vm=3
Vay ¢6 2 diém M (1; 0) va Ma(3; 0)
b) Tim diém N trén truc Oy sao cho ANAB can tai N
ViN € Oy nén N(0; n). ANAB can tai N < AN =BN
< JO+ 12+ (m—2)2=,/(0-5)2+ (n—4)?
S 1+n’-4n+4=25+n*>-8n+16
<4n=36 <n=9

Vay diém N(0, 9) thoa yéu cau bai toan.

BAI TAP
Bai 1. Tinh goc giita 2 vecto d, b biét:
@) d=(1;,-2)vab=(-1;-3);

b) d=(1;2)vab = (1—2vV3;V3+2);
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¢) d=(2—V3)vab=(3—-V2V3+6).
Bai 2. AABC la tam giac gi? Biét:

a) A(0; 3), B(-3; 1) va C(1; -5);

b) A(3; 2), B(-2; 1) va C(4; -3).

Bai 3. Trong mit phang toa d6 (0,7,])cho A(-1; —1), B(5; 6):
a) Tim M trén truc hoanh dé AABM can tai M;
b) Tim N trén tryc tung dé AABN vuong tai N;
c) Tim toa do diém C sao cho O 1a trong tam AABC.
Bai 4. Cho d = (1;—5)va b = (m; —4). Tim m dé:

Q) dLlb; b)ldl= |E|, ¢) d cung phuong b.
Bai 5. Cho AABC vudng can tai A, c6 AB=AC =a.
Tinh: AB. R, ﬁﬁ, AB.BC
Bai 6. Cho AABC ¢6 AB = 5cm, AC = 8cm, BC = 7cm.
a) Tinh AB.AC 1di suy ra gia tri goc A;

b) Tinh CA. CE.
Bai 7. Cho 4 diém A, B, C, D. CMR: DA.BC + DB.CA + DC.AB = 0.

Suy ra chimg minh Pinh li “ba dudng cao ctia tam giac dong quy”.

Bai 8. Chirng minh rdng: AABC vudng tai A <>BA.BC = AB?
Bai 9. Cho AABC ¢6 3 trung tuyén AD, BE, CF. CMR:

BC.AD + CA.BE + AB.CF = 0

Bai 10. Cho AABC c6 A(5; 6), B(4; 1), C(—4; 3). Tim toa dg:

a) Trong tam G cua AABC;

b) Tryc tam H cua AABC;

¢) Chan duong cao A’ ciia dudng cao ké tir A;

d) Tim toa do tdm I cta dudng tron ngoai tiép AABC;

e) CMR: G, H, I thing hang.
Bai 11. Cho AABC véi A(1; 5), B(—4; -5), C(4, -1).

a) Tim toa d6 chan dudng phan giac trong va ngoai A;
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b) Tim toa d6 tim J cia duong tron noi tiép AABC.
Bai 12. Cho doan AB ¢ dinh AB =2a, k € R. Tim tap hop diém M thoa:

a) MA.MB = k% b) MA2 — MB? = k?
Bai 13. Cho 2 diém M, N nam trén dudng tron dudng kinh AB = 2R. Goi I 1a giao diém AM

va BN:
a) CMR: AM. Al = Eﬁ, BN.BI = Eél)B_I),

b) Tinh: AM.AI + BN.BI theo R.
Bai 14. Cho 2 dudng thang AB va CD cat nhau tai M.

CMR: A, B, C, D cung thu¢c duong tron < MA.MB = MC.MD.

Bai 15. Cho AABC, M e BC sao cho MB. MC = MA?.
CMR: MA 1a tiép tuyén cua duong tron ngoai tiép AABC.
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ON TAP CHUONG II (1BT)
i

1. Tich vé hwéng ciia hai vecto: d, b

a.b = |d|. |E|.cos (c_i, E)
2. Biéu thirc toa dd ciia tich vé hwéng hai vecto: @ = (x; ), b = (x;y)

a.b = x.x'+y.y'
3. Do dai cia vecto: d = (x;y)

|ld| = yx2 + y?

+
4. Goc giira hai vecto: d

(x¥),b=(x;y)

— _)-B) . ! . !
cos(d,b)= ¢ = xxtyy

|C_i||l_9)| \/m ’x,2_|_y,2

5. Khoang cach giira hai diém

Vi hai diém A(xa; ya), B(xs; yB) ta c6:

EZ(XB X0 ¥ _YA)
AB = |AB| = /s — x)2 + (Vg — ¥a)?
BAI TAP

Bai 1. Tinh gi4 tri cta biéu thirc:

a) A =sinl120° + 2sin150° — cos150° — cot135°%;

b) B =c0s5° + cos10° + cos15°+ ... + cos170° + cos175° + cos180°.
Bai 2. Cho A ABC vuéng tai C, c6 AC =9, BC = 5. Tinh AB. AC.
Bai 3. Cho A ABC biét AC=8,CB=7, AB=>5.

a) Tinh AB.AC;

b) Tinh CA. CB;

c) Goi D la diém trén canh CA sao cho CD = 3. Tinh CD.CB.
Bai 4. Cho ABC, M 1a trung diém BC:

CMR: AB.AC = MA? - MB2.
Bai 5. Cho hinh chit nhat ABCD, M 14 diém tuy y. CMR:
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a) MA.MC = MB.MD
b) MA? + MB.MD = 2.MA.MO (O la tAm hinh chit nhat)
Bai 6. Cho ABC can tai A. Goi I 13 trung diém BC va H 1a hinh chiéu vudng goc cua I trén
AC, M 1a trung diém IH. CMR: AM 1 BH
Bai 7. Cho ABC biét A (5; 6), B (4; —1), C (—4; 3)
a) Tim toa do trong tdim G, tryc tdm H va tam [ cia dudng tron ngoai tiép ABC;
b) CMR: I, G, H thing hang.
Bai 8. Cho ABC c6 A (-2; 2), B (6; 6), C(2; -2)
a) CMR: A, B, C khong thang hang;
b) Tim toa do diém D d&é ABCD I hinh binh hnh;
c¢) Tim diém M thudc truc x’Ox dé ABM vudng tai B;
d) A ABC la tam giac gi?
e) Tim toa do truc tam H cua ABC.
Bai 9. Cho hai diém A (-3; 2), B(4; 3). Tim toa do cua:
a) Piém M e Ox sao cho A MAB vuong tai M;
b) Piém N € Oy sao cho NA = NB;

¢) DPiém I e Oy sao cho 3 diém A, I, B thang hang;
d) Piém C sao cho ABC vudng cén tai C.
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Thoi gian (gio)
S6 \ 7 Thyc hanh / 7
T Tén cac bai trong hoc phan Tong Ly thye tap/ thi Kiém
6 | thuyét | nghiém/bai tdp/ | (.,
thao luan
A TOAN 1A: PAI SO
1 | Chwong I: Ménh dé - tap hop 11 5 5 1
1. Ménh dé 2 1 1
2. Tap hop 2 1 1
3. Cac phép toan tap hop 2 1 1
4. Céc tap hop s6 2 1 1
5. S6 gan dung. Sai sb 1 1
6. On tap chuong I va kiém tra 1 tiét 2 1 1
2 | Chwong IT: Ham s6 bac nhit va béc hai
7 3 4
1. Ham s6 2 1 1
2.Himsby=ax+b 2 1 1
3. Ham s béc hai 2 1 1
4. On tap chuong 11 1 1
3 | Chuong III: Phwong trinh va hé
phuwong trinh " 5 o |
1. Pai cuong vé phuong trinh 3 2 1
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2. Phuong trinh quy vé phuong trinh bac 4 2 2

nhat, bac hai

3. Phuong trinh va hé phuong trinh bac 2 1 1

nhat nhiéu an

4. On tap chuong 11T va kiém tra 1 tiét 2 1 1
On thi HK1 3 3

(Két thiic Todn 1A, tong céng: 32 gio)

TOAN 1B: HINH HQC

Chuong 1. Vecto 16 7 8 1
1. Cac dinh nghia 2 1 1
2. Tong va hiéu cua hai vecto 4 2 2
3. Tich cua vecto v&i mot sb 4 2 2
4. Hé truc toa do 4 2 2
5. On tap chuong I va kiém tra 1 tiét 2 1 1
Chuong II. Tich vo huwéng cia hai vecto | 12 4 8
1. Gia tri luong giac ctia mot goc bat ki tir 4 2 2

0° @én 180°

2. Tich v6 hudng cua hai véc to 4 2 2
3. On tap chuong II 1 1
On thi HK1 3 3

(Két thiic Todn 1B, tong céng: 28gio)

TONG CONG 60 24 27 3
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